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0 Introduction

0.1 Background and motivation

Let Q C R? be a bounded domain with smooth boundary, we investigate the inhomogeneous
MHD equations in £ x (0,7):

pe + div(pv) =0,

(pv); +div(pv @ v) — uAv+VP =V x H x H,
H,+vV xV x H=VY x (vxH),

divH =0, dive =0.

Here p, v, P, and H represent the fluid density, velocity field, pressure, and magnetic field,
respectively. p > 0 is the viscosity coefficient, while v > 0 stands for the magnetic diffusion
coefficient.

We consider an initial-boundary value problem of system (1) with the initial condition
(p,v, H)(x,0) = (po, vo, Ho), €1, (2)
and the boundary conditions
v=0, H-n=0, curlHxn=0, €0, t>0, (3)

where n is the unit outward normal vector on 0f2.

The inhomogeneous MHD equations govern the motion of conducting fluids interacting
with magnetic fields. The fluid density is no longer constant but satisfies a transport equation,
while the velocity field and the magnetic field are mutually coupled through the Lorentz force
and the magnetic induction equation. In recent years, substantial progress has been made on
the global well-posedness for such a model. It was showed in [1] that the Cauchy problem of
(1) has a unique global weak solution if the initial data are sufficiently small in critial Besov
spaces. Later on, without any small conditions imposed on the third component of the initial
velocity field and magnetic field in the critical Besov spaces, the global well-posedness of strong
solutions was obtained in [2] with the aid of the Fourier frequency localization and Bony’s
paraproduct decomposition; see related work [3]. Under the condition that (po,vo, Ho) €
BiL(R%) x BY, (R x BE, (R¥) with 1 < g <p,pe (1,(5+v17)/2),and L =L <1 <141,
Zhai and Yin [4] derived a global unique solutions when the initial velocity is small enough
in Bp% 1_1(R3). Moreover, based on the Lagrangian approach, Bie-Wang—Yao [5] established
a unique global solutions provided that the initial data (po — 1,vq, Hg) € M(Bﬁ;l(R?’)) X
le_l(R?’) X Bﬁ;l(R?’) satisfies some smallness condition, where 1 < p < 6 and M(le_l(R?’))
is the multiplier space of Bﬁ;l(RS). Huang and Qian [6] extended pg to Bi,”/q and took (vg, Hy)

9.
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in B;H?’/p, where 1 < p, ¢ < 6 satisfy max {% — %, % — %} < % < % + %, thereby removing the
previous restriction 1 < ¢ < p, and established global existence and uniqueness under suitable
smallness conditions. Recently, Chen—Guo—Zhai [7] proved the global well-posedness and decay
estimate of solutions when (pg, vo, Ho) € L*(R3) x H*(R3) x H*(R?) with < s < 1 and
[[(vo, Ho)l| 3 is sufficiently small.

It should be pointed out that all the results stated above are devoted to the non-vacuum
case. Once the initial density vanishes on some domain, the analysis becomes more delicate
because the system degenerates in the vacuum region. Nevertheless, there are also many works

regarding this interesting setting. Under a natural compatibility condition
—1Avy+VPy— (Hy-V)Hy = /pog for some (Py,g) € H' x L? (4)

the global existence of strong solutions to the 3D Cauchy problem of (1) was obtained in [8]
under the smallness assumption of initial data, while Huang and Wang [9] showed the global
existence of strong solutions to the 2D Dirichlet problem involving large initial data with the
aid of Brezis—Wainger type Sobolev inequality of logarithmic type. Subsequently, the second
author [10] removed the compatibility condition (4) by time-weighted techniques. Meanwhile,
in another paper [11] in collaboration with Lii and Xu, the second author tackled the 2D Cauchy
problem provided that the initial density and the initial magnetic field decay not too slow at
infinity. It is worth emphasizing that the initial density in [8-11] is imposed to Sobolev spaces
in order to ensure the uniqueness of solutions. Recently, by virtue of Lagrangian coordinates
method introduced in [12], it was proved in [13] that the system (1) has a global unique strong

solution in 3D tori or bounded domains when the quantity

(Ivpovollzs + 1 Holl72) (I[Vvoll7e + [VHol|72 + | Holl74)

is properly small. At the same time, Liu and Liu [14] demonstrated the uniqueness of global

strong solutions of (1) in 3D bounded domains as long as

(Iv/Avoll3 + I Holl2:) (IVwoll3 + [ VH[2:) < e (5)

for some small constant €.

Some important progress has also been made concerning the global stability and long-time
behavior of solutions to the inhomogeneous MHD equations. In the absence of vacuum, the
large-time decay and stability to any given global solutions of the 3D incompressible MHD
system in Besov spaces were investigated in [15, 16], while Chen—Guo—Zhai [7] obtained the
decay estimate of global solutions in the framework of Sobolev spaces. When interior vacuum

is allowed in a bounded domain  C R?, Liu and Liu [14] proved
o) |[Frre + | H()]|Z10 < Ce™ 7, for allt > 1, p € [2,6). (6)
However, the global stability of strong solutions with bounded density derived in [14] is still

unknown. In fact, this is the primary objective of this paper.

-3
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0.2 Main result

Before stating our main results, we first introduce the notation used throughout the paper.

/fdxé/gf(x)dx.

For 1 <r <ocand k € N, we use L” = L"(Q) and W»" = W""(Q) to stand for the standard
Lebesgue and Sobolev spaces, respectively. When r = 2, we use H* = W*2(Q). Define

For simplicity, we write

Hy ={u€ H'|u=0on o0}, H'2{ueH' |u-n=0, (Vxu)xn=0, ondQ}.

We denote by W=1r(Q) £ (Wol’p’(Q))*, where % + ﬁ = 1. For an interval I C R and a
Banach space X, L”(I; X) denotes the usual Bochner space. Throughout the paper, C' and C,
(2 < p < 6) stand for generic positive constants which may depend on the upper bound p* of
the initial density, €, p, v, and the initial data. We also use f,(¢) to denote generic functions in
LP(R,), whose explicit expressions may vary from line to line. Furthermore, we consider two
solutions (p’, v’, H'), i = 1,2, corresponding to the initial data (pj, v}, H}). Their Lagrangian
representations are denoted by (7, u’,d’, Q") and will be defined precisely in Section 2.

We recall the global well-posedness result for system (1) established in [14].

Proposition 1. Let p* be a positive constant and assume that the initial data (po,vo, Ho)

satisfies
0<po<p*, (vo,Ho)€EH; xH) divvg=0, divHy=0 (7)

and small condition (5), then the initial-boundary value problem (1)—(3) admits a unique global
solution satisfying, for any 0 < 7 < 400,

0 < pe L>(0,400; L*) N C([0,4+00); L), /pv € C([0,+00); L?),

v € L>=(0,400; Hy) N L*(0,+00; H?) N L*(7, 400; W) N C([7, +00); WP),

VP e L*(t,+o0; L) N L?(0, +00; L?),

H € L*>(0,4o00; H!) N L?(0, +00; H?) N L?(7, +00; W25) N C([, +00); WP),

Py € L*(0,+00; L?) N L™ (7, 4+00; L?), v, € L*(1,+00; Hy),

H, € L?(0, +00; L?) N L>(7, +00; L?) N L*(1, +00; H}),

(8)

where q € [1,4+00) and p € [2,6).
Now we can state the main results of this paper.

Theorem 1. Assume that the initial data (py > 0,v5, Hy) (i = 1,2) satisfy (5) and (7), and
(p' > 0,0, H') are the corresponding global strong solutions given by Proposition 1. Denote by

du2u?—ul, dvg2vd—wv dpLpP—p, SHy2 H, - H;, éd2d’>—d".

_4-
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There exists a positive constant 3 depending only on u, v, p*, and Q0 such that, for any t > 0,
eﬁt(H min {(pg)"/?, (p5)"/*}oul| ., + ||5d|\L2) + 12 || e”Voul| L2 (0,6.2) + 12 €7V Od 120 4:12)

1
< ([[(p4)/26vo | . + 16 Hollz2 + 16p0ll 72 ) (9)
where p* 2 max{|pb]| <, |8l <} and C = C(Q, v, pb g3, vb, o3, H}, HY).

Next, coming back from Lagrangian to Eulerian coordinates, we obtain the following sta-

bility result.

Theorem 2. Under the assumptions in Theorem 1, we have

sup 8p(t) s + sup [67 (| /oT00(8) | + I6H(®)]2)]
+

teR,
+ 11RO o e o) + VF (PO H || 12 m, 1)
< O ([1(ob)2vo]l . + I8 H o L= + ldpol 2 ) - (10)
where 1 < p <6, dv £ 02 —v!, and 6H 2 H> — H'.

Remark 1. [t should be noted that the global existence of a unique strong solution to the prob-
lem (1)—(3) was obtained in [14], while we provide the stability counterpart for such solutions,
thereby complementing the global well-posedness theory. To the best of our knowledge, Theorems
1 and 2 are the first results on the stability of the inhomogeneous MHD equations with bounded

density and vacuum.

Remark 2. We emphasize that the boundedness of domains plays an crucial role in our anal-
ysis, and it is still not clear how to show the stability of (1) with bounded density and vacuum

in unbounded domains.

Remark 3. It is worth mentioning that the uniqueness of a global strong solution of (1) with
large initial data and vacuum in 2D bounded domains or R* was established in [9, 11] when
the density has enough regqularity, guaranteeing the Lipschitz control of the flow of the velocity
field. Naturally, one may wonder whether we can establish the global well-posedness theory for
the system (1) in 2D domains with only bounded density and vacuum. We leave this interesting

problem to the future research.

We now outline the main strategies and challenges. The main difficulties come from the low
regularity of the density and the possible presence of vacuum. On the one hand, in the vacuum
region, the density-weighted kinetic energy does not provide coercive control of the velocity
perturbation. On the other hand, since the density is merely bounded, a direct stability analysis
in Eulerian coordinates may not be available. Indeed, taking the difference of (1), satisfied by
p! and p? gives

Sp, +v' - Vip = —ov - Vp?,

-5
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where the nonlinear transport caused by dv = v? —v? is not spatially integrable when p? € L.
Motivated by [17], where Danchin, Mucha, and Piasecki investigated the stability for the inho-
mogeneous incompressible fluids, we work in Lagrangian coordinates, where the density remains
constant along particle trajectories. We point out that the Lagrangian stability argument in [17]
seems not to be applied here directly since the additional nonlinear couplings v-VH and H-Vv
bring new difficulties. Some new estimates need to be explored, especially in the presence of
the physical boundary of the magnetic field.

Before the stability analysis, we first establish the global-in-time decay and the time-
weighted estimates. Starting from the basic energy identity, the L>°(R*; L?(2))-norm of ,/pv
and H are obtained (see Lemma 2). Next, testing (1), and (1), against v, and H, respectively,
together with the exponential decay (6) obtained in [14], the exponential decay of Vv and VH
is established in Lemma 3. To better study the momentum equation (1),, we introduce the time
weight v/te?* and derive weighted energy estimates for v; and H; (see Lemma 4). Combining
these estimates, the bounds of v/te’*(V2v, V2H, V P) are showed (see (40)). To deal with the
singularity of ¢ at ¢ = 0, inspired by [17], we split the time interval into (0,1) and (1, 00), and
obtain the L'(R; L")-norm of e’*(V?v, V2H) (see (41)). Furthermore, the L' (R ; L>)-norm
of e’*(Vv,VH) is established in (42). These estimates play essential roles in the subsequent
stability analysis within the Lagrangian framework.

Next, we turn to the stability argument. It should be noted that the Lagrangian method
bypasses the LP estimates of Vp. Nevertheless, the change of coordinates still gives rise to
new difficulties associated with the emergence of the Jacobian matrix. Along the particle
trajectories of the two solutions, we have to consider the corresponding flow maps X? and

2 — u! fails to inherit the divergence-free condition

deformation matrices A2, Indeed, du = u
for the solutions ! and u?. To recover a suitable divergence-free structure, we decompose
ou = Z + z, where z satisfies div,: Z = 0 and Z is introduced to correct the divergence defect
(see (56)). For the magnetic field dd = d* — d', based on the slip boundary condition and
using the divergence-free properties of d' and d”, we test Add and estimate || curly: dd) .z,
whereas |div,: — div,2 | is controlled by the difference of the deformation matrices. Having
these estimates at hand, together with the bounds of A = A% — A! (see (57)) and Z (see
(58)—(60)), the exponential decay of du and dd (see (86)) can be established by Gronwall’s
inequality in the case of the non-vacuum setting. However, the vacuum case requires additional
observation. To overcome it, we introduce the intermediate initial density pg/ 2 = %(p(l) +
p?) and consider the corresponding intermediate solution (12, u3/2, d*?,Q*?) in Lagrangian
coordinates. The original perturbation du and dd are then decomposed into du'! and dd"",

respectively. With the aid of this construction, we can obtain an upper bound on the density
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difference, namely,

1/2

dpr
H . <Cllps = pill =

V' Po+ P
see (88) for details. The resulting estimates complete the proof of the global stability in Theorem
1.

Po

L4 |

Finally, we return from the Lagrangian coordinates to the original Eulerian coordinates.
v and 0 H are controlled by means of the estimates for the corresponding flow maps, while dp
is measured in a negative Sobolev space, which avoids the requirement of any spatial derivative
of the density. In this way, we obtain the global-in-time stability estimates for the density,
velocity, and magnetic field in Eulerian coordinates, shown in Theorem 2.

The remainder of this paper is organized as follows. Section 1 is devoted to establishing the
exponential decay estimates of the solution. Then we give the proof of Theorem 1 in Section

2, while the proof of Theorem 2 is presented in Section 3.

1 Exponential decay estimate

In this section we establish the exponential decay estimates for solutions. First of all,
it follows from (1); and (1), that the density satisfies ||p(t)||z» = ||pollz» for any p € [1,00].
Moreover, for any v € H'(2), there is a C > 0 depending on 2 such that

o]l < ClIVo| L2 (11)

provided [wdz =0 or (v-n)lpo =0 or (v X n)|sq = 0 (see [18, Lemma 8]). Furthermore, the

following Gagliardo—Nirenberg inequality (see, e.g., [19, Lemma 2.3]) will be used frequently.

Lemma 1 (Gagliardo-Nirenberg inequalities: special cases). Let Q C R? be a bounded smooth
domain. Denote by n the unit outward normal on Q. For any f € H'(Q) and g € L1(Q) with
Vg € L*(Q), there exist constants C; > 0(i = 1,2,3,4) depending only on p, q, s, and 2 such
that

[fllzr) < Cll\fll Q)llvfllL () T C2ll flle2 ),

9]l @) < Callgll facry™ T+ Cillgllee,

where p € [2,6], ¢ € (1,00), s € (3,00). Furthermore, if [, fdz =0 or (f-m)lsq = 0, we can

choose Cy = 0. Similarly, we can choose Cy = 0 provided (g - n)|sn = 0.

We begin with the following basic energy estimate for a global strong solution (p, v, H),

which is given by Proposition 1.
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Lemma 2. There exists a positive constant 51 depending only on u,v, p*, and Q0 such that, for
allt >0,

IVpvllZ: + IHZ: < e (Ilv/povoll7> + [ Holl7:). (12)

Proof. Multiplying (1), and (1), by v and H, respectively, summing them, and integrating the

resultant over 2, we obtain that

1d
th/ (plv]* + [H|?)dz +,u/ |Vo|? dz + u/ |V x H|*dz = 0. (13)
Set o' £ min{yu,v}. Using (11) and the inequality |VH ||z < C||V x H||12, we have
o' ([l + 1HIZ:) < C(ullVollz: + vV x HI|Z:),
which together with (13) gives
d 2 2 o' 2 2
< (IVPvlze + [ HIZ:) + 25 ([olz: + | H|]Z:) < 0. (14)
dt C

Recall the uniform upper bound 0 < p < p*, which implies ||\/pv||2, < p*||v[[2.. Set 0% £

min{1, p*}, 0* £ o'o?, and B, = g . Multiplying (14) by p* and integrating the resultant
p*

with respect to time over (0,¢) leads to the desired (12). O

Next, we establish a key uniform-in-time estimate for the L°°(R*; L?)-norm of the gradients

of the velocity and the magnetic field.

Lemma 3. There exists a positive constant By < (1 depending only on w,v, p*, and Q0 such
that, for allt > 0,

/ (ool + [HL: + V22 + IV H L. + [[VP|7:) dt < C, (15)
0

IVo[|Z: + [IVH][7. < Ce™, (16)

(v, H)|[7, < Cpe " for any p € (2,6]. (17)

Proof. Multiplying (1), and (1), by v, and H,, respectively, summing the resulting identities,

and integrating over {2, we obtain

pd vd
2 dt 2 dt
g(i/(H-V)H'vdm—i—/(Ht'V)v‘de+2/(H~V)v-thx

1
L2 2t 5 tllz2 tll L2
IVolz: + 53 IV x HlL: + Sl vevllZe + [ Holl:
1 2
+3 plv-Vvl*de+ [ |(v-V)H - H,|dx. (18)

To derive the second-order spatial estimates for v and H, we apply the standard L2-

regularity estimate for the Stokes system and the elliptic regularity estimate to (1), and (1),

- 8-
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respectively, obtaining

IV2olZ. +IVPIZ: < CalllpvellZ: + llpv- Vol + [|H - VHI|Z,), (19)
IV2H|[7. < Ca([lH. 7. + (H - V)v|[72 + [[(v- V) H[7.).

Then, multiplying (19), by 1/2 and (19), by 3/2, respectively, and adding the resulting esti-
mates to (18), we arrive at

d 1 1 1
- (WIVolze + VIV x H|[2:) + SllVevlze + 5 I HellZ2 + E(IIV%I@ +IVPL: + [V H[7:)

d
gth/(H~V)H-vdx+2/(Ht'V)v.de—ﬁ—2/p|v-V'v|2dx+4/|(H~V)v-Ht|d:t
1 3
w2 [ (0 VB Hildo+ 5IH - VH[+ S (1 - Vol + 0 DHIE).  (20)
Hence, inserting (13) into (20) leads to

d 1 1
4 (unvam 49 % H + 3llVAolis + ST ) + Vol + vV x HIE:

1 1 1 1
+ IOl + S IEIE: + Slvols + SIELR: + 5o (1920 + [VPIE: + [V2HIE:)

<2% (H-V)H-vdx+2/(Ht~V)U-Hdac+2/p|v'Vv|2dx+4/|(H-V)v-Ht|dx

1 3
+2/I(’v'V)H~Ht|dw+ SIH - VHI|[Z. + S (I(H - V)v|z2 + [I(v - V) H][Z:)

1 1
+ 5 IVpollEs + S| HZ:. (21)

By virtue of (11), Sobolev’s, Holder’s, and Gagliardo-Nirenberg inequalities, we find that
2/(Ht -V)v - Hdz +4/ (H -V)v- H|dx < C||H||p2||H|| s || Vv 3
< CHHtllwHVHHLZ||Vvlliz\|V2vllfa

1
< SIHZ: + 5 1V20lIz + CIVH L2 Vo2,

120
2/|(v V)H - Hy|dz < C[Hy| 2 [VH| s || o]l e

< CCy|Hy 2| Vol 2| VH| 2. [ V2 H | £
+ CCzIIHt||L2IIVvHLzHVHIILz’

1
< SIHlz + 5 IVPHIIZ: + CIVH|Z: Vo] 22

120
+C|VH| L[| Vol 12,

3 3
o / (- Vyolda + 5 / (v - V)H|2dr < c|\H\|%6||w||%3 T onvnisnvrrnis

o IVlli: + = IVH 7.

- 12C’ 12C’
+ClIVol 2 IVH |7 (1 + [IVollZ. + [VH]|Z:).

9.
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Similarly, we derive from (12) that

3 3
3 / plo - Vol de < Vi

> T P Ayl P A P AN 2 PR A

< C[|p20| 2, Vo122 V20 2,

1
< mI\V%IIia +CllvpolzelIVolli:

1
< -
— 12Cq

1 } }
5 [1HVHP do < CIHIEIVHIE: < CIHILIVHIE GV HI IV H] .

IV20l5: + Ce™|| V|2,

+ CColl H| 2 VH | 2. | VH 72
< C|H||7.|VH|[7:|V*H|;. + C|VH|1.

1
< ——|V?H|}: + C|H||7:[VH||}. + C|VH] -
12C,
1 _
< ——||IVEH |2 + Ce™ 2 VH|S. + C||VH||3-.
12C,

Setting ¢* £ min{l,p,v}, and substituting the above estimates into (21), we obtain from
Lemma 2 that

d 1 1 1
i (190l + 17 x EIZ: + J1Vpol + GBI ) + 90l + I x EHIZs + 5l Vpolt

1 1 1 1
+ S IH L + SIvVevellze + S I1H 7 + = (IV*0lZ: + [VP7 + V2 H]Z:)
2 2 4 4Cq
< OVl lIVHZ: (1 + [ Voll7: + [VH|72) + Ce M (1 + | Vol + [VHI[72) + C|IVH]| 1
2 d 1 _
+CT& (HV)H’UdSL’—Fﬁe 2611:(”\/,00’00”%2+||H0||i2) (22)

t 1 B 30

% }, and integrating the resulting

Next, multiplying (22) by > with v = min{

inequality over (0, %), we infer from (12) that

1 1
e (IVolEs + 19 % HIE: + 5ol + 51113
! 2vs 2 2 1 2 1 2 1 2 1 2
+=20) [ (IV0ls + IV x Bl + SIVFol3e + LI + S Ipols + 1B ) ds
t
1
=) [ L (19l + [VPIE + [V2HIE:)ds
ARTeR
t
<C [ Vol IVHIE (1 + Vol + [VHI:)ds
0
t t d
+C/ 2= (1 4 || Vl[3. + |VH||8L2)ds+C/ = <6275/(H~V)H-'udx) ds
0 o ds

t t
+C/ 762”/(H-V)H~vdxds+0/ || VH||72ds
0 0

+IVoollZ: + IV x Hol[72 + C(llv/povolli: + [ Holl72). (23)

- 10 -
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It should be noted that the boundedness of ||Vv|| L (0,7;12) and ||V H || s (0, 1;22), for any T > 0,
was shown in [14, Lemma 3.2.], which combined with the decay estimate (6) for ¢t > 1, we arrive

at
/ D Vo2 [VH2 (1 + V0|2 + [VH|2:)ds
</ T Vol [ VH B (1 + [ Vol2: + IVH]2:)ds
< C/OO 275205 4 21530845 < (O,
0
/ 2 VH|L + 205V (0, H)|[Sads
0
< C/Oo 2757205 4 (2(1=Br)s—dos o < c,
0

where C' is a constant that may be enlarged if necessary. Consequently, by Holder’s inequality,

we get

t o]
/ ye?rs /(H -V)H -vdzds < C’/ 2ve® || H () |3 | Vo (s)| 12 ds
0 0
< C/ 2727573755 < C,
0

t
/ % <6275 /(H -V)H - vdx) ds < Ce | H(t)||2: |Vo(t)|| 2 < CePe e 27t < C.
0

Combining the above estimates with (23), we derive (15). Finally, the inequality ||VH]|2 <

C||V x Hl||s imply (16), while the Poincaré inequality and the Sobolev embedding theorem
yield (17). O

The following lemma is concerned with the time-weighted L?-estimate of V/pvy and H.

Lemma 4. There exists a positive constant B3 < PBo depending only on u, v, p*, and ) such
that

sup (Ve v [+ VES EL)+ [ 025 (1ot Lo o+ EL ) <
eRy 0
(24)

Proof. Differentiating (1), and (1), with respect to ¢, testing the resulting equations by te*’'v,

- 11 -
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and te?’* H,, respectively, and then integrating over (2, we obtain

1d
T tezﬁtp|vt|2—|—t62ﬁt|Ht|2dx—|—/teQﬁt(u|Vvt|2+1/|VHt|2)dx
1
= 2/625tp|vt|2dx+/Btezﬁtp|'vtde—/teZBtptv-Vv~'vtda:—/teZﬁtpvt~Vv-vtdx

1
—/pv-V!x/ieﬁtvtﬁdx—/tezﬁt(Ht-V)vt-de—l— 2/626t|Ht|2dx+/ﬂt€2BtHt|2df17

10
- /te25t(Ht -V)H, - vdz — /tewt(vt -V)H - H,dz £ T, (25)

i=1

By virtue of Hoélder’s inequality and (11), the terms Iy, I5, I, and Ig satisfy

1] = 3¢ ol (26)
1] < BIVEe 0.3 < Vi T (27)
1] = 3l HL R (28)
1] < S IV (29)

For I3, using the continuity equation (1), and integrating by parts, we have

|I3] = '—/tezﬁtptv -V v, dx

= ‘/tew div(pv)v - Vo - vy dx

_ '_ [0V (- Vo) v)ds

< /templvl(lvvl2|vt| +[0][V?voy] + |v]|[Vo[[ Vo, ) da
£ Ry + Ry + Rs. (30)
Applying Holder’s inequality and Gagliardo—Nirenberg inequality, we get
Ry < OV |Vipv|allolle [ V0 2
< OVI o VBl o o] [ T2
< OV Vi [VEe v o [0l o] V]2 5
< L VT + Ot Tl 9

2 14
< —|VEe* Vo |12 + Ctse 27 [Vipe v || 1 | Vo 2 le” Vol s

|
16
Hence, for some ¢ > 0 independent of ¢,

1
Ry £ S Vie" Vo3 + Cem Vit V2ol (1 + [ VEpe v 32). (31)

- 12 -
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By virtue of Holder’s inequality, Young’s inequality, and (16), we find that

Ry < C||Vte?'V | 12| VEpe vy s ||v] 3o

1
< 1—6|\\fteﬂtht||%z + C|| Vo[22 [V’ V0|2,

IN

1
IV Tw s + Cem Vi VP, (3)

Ry < Cl[Vpe” V|2 | Vte Vol | s 0] 70

IN

1
eIVt Vouli: + Cl[ Vo3 [Vie” V] 1.

IN

1
1—6H\/ZeﬂtVUtHiz + Cef4ﬂ2t||\/£eﬁtv2v||%2. (33)

The remaining terms I; (i = 4,5,6,9,10) are controlled by using (11), the Gagliardo—Nirenberg

inequality, Young’s inequality, and Hélder’s inequality, which leads to

L] < ClVEpe™ 0,34 Vol .2

< CIVEpe v 2 IV Epe v | | V0l 2

< %H\/EeﬂthtHQLz + Cllv/ipe vy |2: [ Vo, (34)
|| < Clfvl| e v/ Epe vl 2 [V Ee* Vo .2
VT + VI vl o (35)
V2PV oy | 2 l|v/Ee™ H ]| o | | o
< IVt Vo, 2 | Vi Ho| 1 |Vie " VH | 1.V H]| 2

IN

| I]

IN

< VIS Vo i+ VRS VH L + CIVEE HLIVH G, (36)
IRV APV AP

< VAV H o |[Vie | Ve T EL L Vo

< SIVESVHL | + CIVE HL Tl (37)
ol < [[Vae vyl 5o [V B Lo [V

< C|[Vie" V|| 2 |Vie" Ho| 12 |Vie  VHL | 1. | VH .

< IV Tl + SIVEE T HLI + CIVI  HLIVHI L. (39)

Substituting (26)—(38) into (25) gives

%Y(t) + D(t) < CA(t)Y (t) + CB(t), (39)

- 13-
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where
Y(t) £ |Vipe® v l|7 + [IVEe” Hy||7-,
D(t) £ |[Vte”'Vuvy|[7. + ||Vt VH, |72,
At) £ e |Vt V0|72 + [|Vol12 + 0]~ + [[VH]| 72,
1 1
B(t) & e |[Vie" V20l + S | ypuilEa + 5 e Hula.

By virtue of Lemma 3, (8), and (16), provided that 0 < 8 < (35, we have
/ A(t) + B(#)dt < C.
0
Choosing 83 = 8 < f3,, integrating (39) over [0,00), and then applying Gronwall’s inequality,
we conclude that (24) holds. O
Finally, we will use Lemmas 2—4 to establish higher—order norm estimates.
Lemma 5. There exists a positive constant By < B3 depending only on u, v, p*, and Q) such
that
4s

[Vt (V2o VP H VP [y C - 2586 and p=o—p,  (40)
et (V2v, VQH)||L1(R+;LT) <C for some r € (3,6], (41)
e (Vo, VH)|| 1, sy < C. (42)

Proof. Step 1: Proof of (40). Multiplying (1), and (1), by vte”*, we arrive at

1
—nAVteP v + ViteP ' VP = —vVteP pv, — Vet pv - Vo — \/geﬁt§V|H|2 +VteP (H - V)H,
(43)
~vAVte"H = —Vte? H, + Vit (H - V)v — Vit (v- V)H. (44)

For any 2 < s < 6, the interpolation inequality implies that

3s—6
s

IVt (V20, V2H, VP)||- < Ve (V2v, V2H,VP)| 5 [Vie® (V?v, V2H,VP)| 2
Thus it suffices to show that
Ve’ (V2u, V2H,VP) € L™(R,; L*(Q)) N L2(R,; L5(1)).
Furthermore, the estimate (24) together with the Sobolev embedding theorem ensures that

Ve’ (ypvy, Hy) € L™ (Ry; L2(Q)) N L2 (R4 LO()). (45)

_14 -
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Applying the Stokes and elliptic regularity theories to (43) and (44), we deduce from (45) that
Vte? (V?v, V2H, VP)|| =g, 12) < C + C|Vte™ pv - Vo 1oy i12)
+ CH\/EeﬂtH . VH||LOO(R+;L2)
+ CH\/i@ﬁt(H . V)’UHLoo(]RJrJg)

4
+ OV (0 V) H| s izny 2 C+CY i (46)

i=1
Combining Lemma 2 with Hoélder’s, Gagliardo—Nirenberg, and Young’s inequalities, we derive
T < Clle?™ | oo ;1) [IVEVO Loy 19)
< Ol V0] i a1ty [VEV O e ) VIVl e
< CIVE" V0l 1oy
< 5||\/ie/3tvzv||Loo(R+;L2) +C,
Jy < HGBtH||L°°(R+;L6)H\/7EVH||L°°(]R+;L3)
< Cll*VH 1) (CUVIVHI e o) IVIVRH e o) + CoVIVH | 1)
< e|Vte!' V2 H|| oo (m, 12 + C.
Similarly,
Iy 4 i < (VI VEH |12 1) + VI V20 o) ) + C.
Inserting these bounds into (46) leads to
|Vte’ (V20, VPH,VP)| 1=, .12) < 00. (47)

We next turn to the L?(R, ; L)-bound. Applying the well-known regularity theory to (43)
and (44), we obtain from (45) that

||\/Eeﬁt(v2,v7 vzHa VP)||L2(R+;L6) <C+ CH\/)EeBtpv ’ VU||L2(R+;L6)
+ CH\/ieﬁtH . VHHLz(RJr;LG) + C”\/{‘:eﬁt(H . V>v||L2(R+;L6)

4
+CVie" (v V)H||2@yiz0) 2 C+ C Y _ K. (48)

=1

Using (16), (47), Holder’s inequality, and Gagliardo—Nirenberg inequality, we have

Ky < O Vietto|) . 20|

o Ry;L9)

< OVt ||} o VI T3 ol
< C|ViekVolli. o o IVEETRlE L

< C(IVEe Voll o oy + [VEF V0

(R4;L9)

) ||€§tv2”||m<n«+;m

R+;L2)) <C.
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Similarly,

Ko+ K3+ K, < C(H\/%egth}|Loo(R+;L2) + ||\fte%tVH||Lm(R+;L2))

+ O(IIVEP V20 yia + VIV H 1m0 m)) < C.

Substituting the above estimates into (48) and combining these results with (47), we obtain
(40).

Step 2: Proof of (41). Choosing small positive parameters 4, § > 0 such that 84+ 6 <
B3, and splitting [0, c0) into [0, 1] and [1, 00), it holds that

o) 1
/ eﬁ4t(||V2v||Lr+]|V2H||Lr)dt—/ H (V20| 1 + | V2H | ) dt
0 0

+/ e’B“t(HVQvHLr + ||V2H||Lr)dt
1

On the one hand, for [0,1], taking p > 2 in (40), so that s = r € (3,6) and o = %, we have
ap > % and ap* < 1. Hence, by Holder’s inequality and 84 < (32, we have

1

1 1
/Oeﬁ4t(|V2U||Lr—|-||V2H||Lr)dt_/o eWt“ta||v2v||uolt+/0 Pttt V2 H || - dt

1 1/p* 1 1/p
< (/ ta”*dt) (/ t“P||eﬁ4tv2v|§Tdt)
0 0
1 1/p* 1 1/p
+< / t—ap*dt> ( / tap|eﬁ4fv2H|;dt> <c
0 0

It should be noted that for p = 2 and s = 6, one only needs to take o = i,

above still holds. On the other hand, combining e = e(f1¥9e =% with (40), we arrive at

oo 1/p* oo 1/p
L+ IV2H|| ) dt < < / e—5p*tdt> < / e<54+5)ptllv2vllirdt)
1 1

') 1/p* o0 1/p
- ( / eép*tdt> ( / ePitort | G2 | | i,\dt)
1 1

< (I 0l ) + €T H e )
< o

in which case the

oo
/ e(ﬂ4+5)t—6t(‘|v20|

1

1720 Loy i) + €™V H | Lo, 1)) < C.

Combining the estimates on the two time intervals establishes (41).
Step 3: Proof of (42). It follows from the Gagliardo—Nirenberg inequality that

||eﬁ4thHL1(R+;Loo) + ||6ﬁ4th||Ll(R+;Lw) < C<||eﬁ4thHL1(R+;L2) + ||eﬁ4tV2v\|L1(R+;LT)

+ ([ e® "V H |11, 12 + ||€B4tV2H||L1(R+;L7-)),

which together with (16) and (41) leads to (42). O
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2 Proof of Theorem 1

In this section we work in Lagrangian coordinates to prove the stability result stated in

Theorem 1. Let X(¢,y) — = denote the flow map associated with v, with

dX

s v(t, X(t,y)) inRy x Q, X(0,y) =y inQ. (49)

Integrating (49) over (0,t) gives

t
r=X(ty) =y —|—/ o', X (¢, y))dt.
0
The corresponding Lagrangian unknowns are
nEpt,X(ty), and  uw=w(tX(ty),
d2H(tX(Ly), and Q2 (P+LHP)EX(ty).

Next, we define the inverse deformation gradient matrix A(t) as
-1 T

A(t,y>é(g)_1:<zd+ /Otvyu(t’,y)dt’> — [eot (1a+ /Otvyu(t',y)dt’>] G

where cof denotes the cofactor matrix. Although the matrix A need not be close to Id, it is
invertible and uniformly bounded in time. Thus, in the (¢,y)-coordinates, operators V, div,

and A translate into

Vu2V, = ATVy, curl, £ AT curly,,
div, £ AT : V, =div,(4), A, =div,(447V,). (52)

For simplicity, we present the system in the normalized case p = v = 1. Consequently, in terms

of the variables (1, u,d, @), system (1) reduces to

ne =0 inR, x Q,
nuy — Ayu+V,Q =d-V,d inR, x (53)
di—Ayd—d-Vyu=0 inR, x Q,
divou =0, div,d=0 inR, x Q.

It follows from the first equation in (53) that the density is time-independent in Lagrangian

coordinates, i.e., n(t,y) = n(0,y) = po(y).
By the decay estimates established in Section 1, the following time-weighted bounds hold
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for both solutions (i = 1,2):

et (/piv', H') € L*(Ry; L?),

ePot(Vo', VH") € L"(Ry; L®) N L*(Ry; L?) N L*(R,; L),
Vet (v, H'Y) € LY(Ry; L) N L>®(Ry; L),

VitePt (V2o V2H'  VPY) € L*(Ry; L),

Vet (vi, Hy) € L5 (Ry; L°),

ePot(v', H') € L' (Ry; L8) N L=(R,; L),

Vel (Vo' , VH") € L*(Ry; L),

ePot(V2' V2H') € LY(R,; L") for some r € (3,6],

where 0 < 5y < 4 depends only on u, v, p*, and Q.

Denoting by du £ u? —u', 6d £ d* — d', and 6p £ p? — p', we obtain from (52) and (53)
that
P80UL — A1 0U 4 Vo1 0Q = (Ayz — Ay )u? — (Vz — Vi ) Q% + d* - V20d

+d* - (V2 — Va1 )d' +dd - Vad' — dpgu?,

0dy — Ay dd = (Ayz — Ay1)d? +6d-Vpu' +d* - Vyadu+d> - (Ve — Vi )u!,  (55)
divyidu = (divy: — divyz)u?,  dive:idd = (divy: — divyz)d?,
0uli—p = 0vg, dd|i—o = 0H,

with dpli—o = pj — po-

Next, we decompose du as

ou=2+z,
where the auxiliary field Z is chosen to account for the divergence constraints:

divy: 2 = (dives — divy:)u? = —0AT : Vu? = — div(§Au?), Zlaq = 0. (56)

Here A = A2 — A', where A’ denotes the inverse deformation gradient matrix associated with
the i-th solution. Meanwhile, the estimates for A have already been established in [17, pp.
908], namely,

3

¢
Ht_%éAHQ <C </ ||V6u||§d7) , fort>0. (57)
0

Since dAl|i—9 = 0 by (51), we have Z|;—9 = 0. Moreover, the results of [12, Lemma A.3]

- 18 -
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and [17, Lemma 2] imply

o E (D) 12 < ool ( / ||wu||izdr) , (58)

1
2

1920 < 10) ([ IVuliar) (59)

PZ(0) 122 < f (1) ( / ||wu||L2dT) ) [V (60)

Using the decomposition, for i = 1,2, system (55) takes the following form:

P6Zr — A1 Z 4 Va1 6Q = (Auz — Ayi)u? — (Ve — Vo1 )Q% 4 d? - V,20d

+d* - (Ve — Vi )d' +6d - Vrd' — Spou? — phZ; + A 2,

6d; — Ay1dd = (Aye — Ay1)d® +6d - Voypu! +d* - Vedu+d* - (Ve — Vi )u!, (61)
divy1Z2 =0, divy16d = (divy: — divy2)d?,

Zloa =0, (6d-n)|sq = (Vi x d') x n|yg =0,

Z|i=0 = 0vy, dd|i=o = 0H,.

We are now in a position to prove Theorem 1 by considering separately the non-vacuum and
vacuum cases. We first consider the non-vacuum cases, in which case the inclusion supp dpy C

supp pg holds true. Testing (61), against Z, we obtain

1d N _ B B
2dt/P(1J|ZI2dy+ / |Vu1z|2dy = /(Auz — Aul)u2 czdy — /(Vu2 _ Vul)QQ Zdy

+/d2~Vu25d~Edy+/d2 (Va2 — Vg )d' - Zdy
+/5d-Vu1d1~Edy—/p(1,2t-Edy
+ / A1z - zdy — / Spou; - zdy, (62)
where the pressure term vanishes since
/(Vu15Q) czdy = /divulzéQdy =0.
Likewise, pairing (61), with dd yields
/5(1\ dy+/ Aped® + Ayrd') - 5ddy—/6d Vaiu!- 6ddy+/d2 Vu20u - 6ddy

2dt
+ / d® - (Vg2 — Vi )u' - 5ddy. (63)
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By virtue of divy: d' = 0 and curly: d' x n|sq = 0, i = 1,2, we infer that
/ (—Ayed® + Ay d') - 6ddy = / | curly,: 6d|*dy + / curly,> d* - curl,2 §ddy
- / curly: d? - curly,: oddy
= / | curly,: 6d|*dy + /(curlua — curly:)d? - curly,: dddy
+ /curlul d’. (curlyz — curly,:)dddy.
Note that
/ curlyicurl,:d’ - dddy = / curl,:d’ - curly: dddy + /a . n x curly,:d’ - 6ddy
= / curl,:d' - curl,:dddy.
Consequently, (63) can be rewritten as
T / |6d|*dy + / | curly,: 6d|*dy
= /6d~Vu1u -6ddy+/d2-vu26u-6ddy+/d2 (V2 — Vg )u! - 6ddy

- /(curluz — curly: )d? - curly2 dddy — /curlul d* - (curly: — curly,: )dddy. (64)

Summing (62) and (64), we arrive at

1 13

d 2
th/(Pol |“ + |od] )dy+/|Vu1z| dy+/|curl 1 0d| dy—ZIk (65)

k=1

For any ¢ > 0, by (54), (57), and Young’s inequality, I; satisfy
| = ( / (Aus — Ay )ui? - zdy) - \ / div (5A(A2)T + Al(éA)T)Vu2> .zdy\
- ‘ —/ (SA(AY)T + A (5A)T)Vuu? Vzdy)
< [t 20A] 1o |VEV U2 1 [ VE 1o
< IV + C@VIvLE- [ IVuliar (66)
The pressure term is handled as follows:
1l = | = [ (Vur = Vu)@ -y < 10412 V@2 Bl < 67264 ol VEV Qs 2]

t
<e|VZ[i- + C(E)II\/EVQ2II%4/O IVou|Zzdr. (67)
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The terms I3 and I, are estimated together. In view of div,z d? = 0, (16), and (59), we obtain
from Holder’s inequality and Young’s inequality that

|Is + Ino| = /dz-vuzéd-'édy+/d2-Vugéu-éddy‘

= /d2-Vuzz-éddy+/d2-Vuzéu-(dey‘

-\ [ vu22-5ddy‘ < Va2 o0l 2]
< el|Véd| 7. + C(e)|Vd?||72[|Vu2 2|72
< e|Véd|7: + Cle)e || Vo227 < €| Vad||7: + Cle) fi(1) /Ot [Vul|7.dr. (68)
Using (16), (52), (54), (57), and Hélder’s inequality, we infer that
= | [ @ (Ve = V2| < [ @9 Elay
< ||t 20A| L IVEVE! || L ||| 14|12 s
< el|VZ(7: + C(e) VIV |1« | V|72 /Ot [Voul|72dr
< el|VZ|[72 + Cle)e || ViV |7~ /Ot [Voul|7.dr
<el|VZ|7: + C(e)|VIVd' |7~ /Ot [Voul?2dr, (69)
|I| = '/d2 (V2 Vul)ul-&idy‘ </|d2||5A||Vu1||6ddy
< |26 A L IVEVU | ||d®|| 4|0 d| 4
< el|Véd|l7: + C(e)[ViVu'||] [ Vd?||7- /Ot [Voul|72dr
< el|Véd||7z + Cle)e ! |ViVu' ||~ /Ot [Voul|7.dr
<esdl + CEIVIvL [ [ I9uliar (70)
|12 = ' /(curlu2 fcurlul)dQ - curly,: (5ddy'

< /|5A|Curly d?||A?|| curl, od|dy
< O||t726A]| .|| curl, dd]| 2 ||V curl, d

t
< ¢|| curl, 5d||%. + C(E)”\/%Cllﬂy d2||%oo / |Véu||2.dr, (71)
0

- 21 -



m@mﬂliie-xhrzi http://www.paper.edu.cn

|I13] = ‘—/curlul d* - (curly: —curlul)éddy‘ < /|A1|| curl, d?||§ A| curl, 5d|dy
< C’HfééAHL2 || curl, 8d|| 2 ||Vt curl, d®||
< el curly, 8d||2. + C(e)||Vt curl, d°||? /Ot |Véul|3.dr. (72)
Then, combining (16) with Hélder’s, Gagliardo—Nirenberg, and Young’s inequalities, we obtain
= | [ 6d- V! -zdy\ < IV d 18] e |Z 20 < [V 210 . Vo] . 2] 0
< el|VZ|7: + ]| Vad|[7: + Cle)e™>!||6d] 7, (73)

< Ve w' [ r218d]|7e < IV w' | 22]|0d] 2. [ Vod]l 7

|Io| = /6d-Vu1u1 -dddy

< e|[Vad|Z. + C)lddll: [Vuwru' |1 < el|Vod]z + Cle)e"||d]|7.. (74)

Owing to 0 < p} < p*, Holder’s inequality and the Gagliardo-Nirenberg inequality imply

il = |- [ Az 20| < Clzil | VolE], < ORI 51
izt L ol 5 Rk
<zl Bk oz, < crzi,vEi ez @)
while integration by parts gives
11| = /Auli-zdy‘ - ‘—/vulz.vulzdy < |V Z|2s + CE) |V 2|2, (76)

Finally, applying Holder’s inequality, the Sobolev embedding, and Young’s inequality, we get

|Ig| = ‘/5p0uf~5dy’ g/ 2|2 dy < H,/ PR’

< 8||V'5||iz +C()llopoll% ||/ P

6p0 2 6[)0

E 2

(77)

Substituting (66)7(77) into (65), we obtain

s (Vo

<ellVZ)3: + 6||Curly6d||2L2 +e||Véd][7- + Cle) (H\/%w?uim + [Vicurl,d||] « + [IVEVQ?| 4

\/ POZ

4 ||6d||%2) IV E I + fleurl o]

1
2

L2

t 1
+ 10+ IVEVA [+ VAV ) [ IVSuldr + CIRL 5 1931
0

2
+ CE)e d|2: + C()[VarZl3e + C)ldpolk |/ oui| (78)
Given some vector field b satisfying V,:b = (4))TVb and curl,:b = (A")Tcurl,b, we have

1A M Iz [1VBll 2 < [[Vasbllze < [[(A)" [l VBl 22,

I(AD Iz~ lleurlyb 2o < Jeurlyidze < (A" ||z [|eurl,bl| e
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Meanwhile, there exists a constant M depending only on §2 such that
IVurddlf7: < M(|| dive: a7z + || curly od]72)
<C (||\/in2||2Lw /Ot [Vou||.dr + || curly 5d||§2> :
Observe that
| divar 83 = [ (divae — divi)d?|3 < || 20A}, VIV [} < C|VEVA2[3- / | Voulad.
Hence, choosing ¢ > 0 sufficiently small, we obtain that

d |12 ~
5 (Vo] + o) + (19212 + 173

< O(IVIVU! e + VIV 3 + VIV 2 + VIV + VIV

t N 1 R B
+1i0)) [ IVGuladr + Il 5 IVEIL ol + CIVRIR: + e alf
0

2
+ Cllopollk||y/ rdu]|

for some ¢ > 0. Multiplying (79) by €2’!, and adding e?’*||VZ||2. to the both sides of (79), it
follows from (59) that

d ~||? ~ ~
” <Heﬁa/p5zHL2 + ||eﬁt5d||§2> +co([le?VE: + 7 Vod|3: ) + e V|3

< (j

(79)

I~
PoZ

2
+ ||eﬁtad||§2) + O (P VITu i + e VIV [F + VIV QY.
LZ

1
Po=

t 1
+f1(t)+||6’3t\/5lellioc+||eﬁt\/5Vd2H2Loo) | Ivsulaar + 0o 205 1VE

\F

In view of Z|sq = 0 and dd - n|sq = 0, we obtain from (11) that

28 (Heﬂt

Thus, by choosing 3 sufficiently small so that C'8 < <, we have

d 2
il Bt 1z
dt <He V Po®

)Lz + |eBt(5d|%2> + 1”1V Z|22 + (|’ V2|32 + || Vid||32
< C(IPVIVU |3 + VIV 3 + | VIVQRIR + fi(1) + || ViV |3

+ Ce™ 2ﬁ?t||e’6t(5d||2 + Ce?Pt

ool -

1
PoZ

2
L |eﬂt5d|i2> <CpB (HeﬁtVEHiz + ||eﬁtv5d||2LQ) .

1
Po#

¢ 1
+ IIEBt\/deQIIQLw / IVouljzdr + Ceth?tIng IVZ]|L

\/7

L2

+ Ce 22 Ptd)||2, + Ce?Pt

opollx- (80)
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The decay bounds in (54) give
le”VEvu! 1< + [le”VEVau? |1~ + [le” VIV |[f~ + e VIV | + e VIVQ? |74 < fi(1),

while the estimate (60) further implies

1
‘eﬁt\/péz ’
L

t ) 1
< (fgm ( / ||wuu%2dr) +f4(t)HV5uIIL2> le*vE| L,
0

SO
e 2], e VZ] .

2

1
2

P/ piz

Applying ||Vou||r2 < C(||VZ]|z2 + [|[VZ||12), we obtain from Young’s inequality that

1
‘eﬂt\/p(l)z

t
<50 [ I9uliadr+ <)ooz
0

+f1(t)HeBt\/pT1)Z i

L2

2

t 3 )
£1(1) ( / ||vau|%2df) 1#vE| L

)

1
Bt 13
e z
\/ Po L

", <e(1e?VEIE: + | V2|2:)

2
P/ piz

L2

Fa@®NIVoul 2] VZ] .

+ f1(2)

)

whose small gradient contributions can be absorbed into the left-hand side of (80). Substituting

these estimates into (80), we arrive at

d 112 ~ ~
= <He%/p5z |+ ||eﬁt6d||2Lg> 1P VE 2 + [|eP VR + |e*Vad]3
2 t
< A(t) <Heﬁa/pg)zHL2 + [le?sd]2 +/0 & (IIVE|[3: + IVE]3 + ||vad||§2)ds>

+ Aol - (81)

Denoting by

att) = [\ /b2 i

t
I sdl [ (IR + VR + [ Vodf)ds, (2
0

we find that (81) reduces to

d

70 < LOGE) + L®)18p0]l5- (83)

Since G(0) = ||\/pdvol|72 + |0 Ho||72, we obtain from Gronwall’s inequality that

2 t t t
6(6) < (|[\/riol[), + IHul ) 5 70 4 ol [ e H0% pias (s

Consequently, it follows from (82) that

OED)2 < fuoolt) / IVouladr < fi (DG, (85)
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Combining (84) and (85) yields

sup ezﬂt(H o) 2ol + 15d]3:) +u/ 625t||V5u|2L2dt+1// 20|V od|2.dt
0

te[0,00

< C(H )1/2500|[5. + 16 Hol3: + 6p0ll% ). (36)

where 0 < 8 < By depends on u, v, p*, and €.

We next investigate the vacuum case. Since supp dpy C supp pz fails when p2 = 0, the
estimate (86) cannot be applied directly. To overcome this difficulty, we introduce the Eulerian
intermediate solution (p3/2,v3/2, H>/? P3/2) with the initial data (L(ph + p2),v3, H}). Tts
Lagrangian representation is denoted by (732, u3/2,d*? Q3/2). Recall that the density is
time-independent in Lagrangian coordinates, so that n'(t,y) = p{(y) for i = 1,2,3/2. Hence,
6" C supp (ph + pf)-

We introduce (6p", dul, §d') and (6p™, dull, §d) by setting

we have the support inclusion supp dpy

(67", u', dd") £ (;(pé +03) = po, ud —ul, d? — dl) ,
(dp", ou'",0d") = (;(pé +05) = Py ud —ut, dF dz) :
It follows immediately that
opt = —op!t = %(pg —pb), and du=du' —su", &d=dd" —sd". (87)

In particular, dul|,—y = dvg, 6d'|—g = 6H, du'|,—o = 0, 6d" |, = 0.
Inspired by [17, Subsection 2.2], to control the X-norm, we define

5,0 1
16p0]1x = 0 < oo = P37, (88)
NI 14 P +
provided that
1_ 2 2

Po — Po | 1 Po — Po 1 2

——| =lpo— rol < |po — pol-

N R R D R B

Setting 0Q' £ Q3/2 — Q', for (0p", ou!, dd", 5QV), the system (55) takes the form

phoul — Ay du! + V10Q" = (Aysse — Ayt )ud/2 — (Vyae — Vr ) Q32 + dP/? - V ys/20d"
+d%? . (Vysse — Vi )d! +6d' - Vod' — 6p'ul/?,

5dh — A dd' = (Aysje — Ayt )d>? + 6d" - Vru! +d*? - Vyapdul + d*/?(Vyas — Vi )ul,

divgidul = (divyr — dives2)ud/2,  divg1dd = (divey: — divys2)d®/?,

oul|i—o = dvy, dd'|—o = 6H,.

(89)
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Similarly, defining Q" = Q%/? — Q?, and replacing the superscript 1 and I in (89) by 2 and II,
we see that (5p", dull, 6d", 6Q™M) satisfies the system (89).
Recalling the decomposition used in the non-vacuum case, we write
su'=2"+2", sul =2" 4+ 3",

where (EI’H,EI’H) satisfy the system (61). Moreover, Ca obeys the boundary-value problems

given in (56) and the weighted estimates (58)—(60).

Next, repeating the argument in the non-vacuum case, we define G! and G!/ as

60 = (i), + a )

b [ @ (IVE I + IV G + 1961 s
6o = (||, + a0
-/ 5 (9 (5) [+ V2 (8) s + V6" (5) [ ) ds.
By virtue of (87), we then derive
C60) < FOG + S OIAI%
SGM(0) < FUOG ) + FOIoRAIE

where f1, f € L*(R,). Since du'|,—g = 0 and dd" |,—o = 0, it follows from (87) and Gronwall’s
inequality that

2 t eI ¢ t oI
G'(t) < <H\/P(1)5U0H + ||6Ho|iz) e TN 3ph [t SO fi(s)as,
L2

0
GU(t) < |00 1% /t s fH(T)deH(s)ds.
0
Summing the above inequalities and combining the resulting estimate with (88), we obtain that
sup e ([0 O 2 + 168 Ol + [ (8) 2" O 2 + 19" 0)]z2)
+ 1PV ou| r2r, .12y + €7V 2w, 12
< C (]| 08) /2502 + 15 H o 12 + 0ol (90)

Finally, applying (85) to (Z!, du!, G') and (2!, du!, G), and combining the resulting
bounds with (90), we establish the stability estimate (9) in Theorem 1. O

3 Proof of Theorem 2

This section is devoted to showing the stability in the Eulerian coordinates. We introduce

negative Sobolev spaces to derive the estimates for the density, while the velocity and the
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magnetic field are still considered within the L? framework. Following the arguments of [17, pp.
916-918]|, we have
‘ LP(Q)

18p(t, w10 < C (|P§||L°° ( / e%navn;dt)

9 xo(1, )

t
< C’/ |0v]|edt’, V1<p< oo,
0s 0

+ |(5100||L2> ’

where (X*®);<s<2 denotes the measure-preserving flow between X' and X? (see, e.g., [20]).
Furthermore, the estimate for Vv follows from [17, pp. 918], and the estimate for VOH

can be obtained similarly. More precisely,
t t
IVovlz. < C <||V5UII%2 + |vv2||2L°°/ IVoul[fdr + ||\/¥V2v1||ig/ |V5U||2de7>, (91)
0 0
¢ ¢
|VéH|7. < C <||V6d|2L2 + ||VH2'||2LOO/0 [Vou|3.dr + \|\/%V2H1||i3/0 ||v5vy|2L2dT>.
(92)

After multiplying (91) by e?** and integrating over (0,t), Theorem 1, (54) (if 8 < B,), and

Gronwall’s inequality imply

t 2
/ P Vo |3ads < C (H\/péé'voHLQ + |I6H o[22 + ||5p0||L2> . (93)
0

Then we deduce from (54), (92), (93), and Theorem 1 that

t 2
/0 | VS H|[}ads < C (H\/péé’von +I6H |12 + |5p0||L2) .

It remains to estimate the L?-norms of 6 H and \/p!dv. Since the preceding argument is
identical to that in [17, pp. 919], we only record the modified final estimates. For ¢ H, using
the relation between the Eulerian and Lagrangian variables and the estimate for the difference

of the flow maps, we find that
t 3
SH e < ¢ 1odle + Vi IVEP s ([ 1900307
0

The Sobolev embedding, the elliptic regularity estimate, Lemma 4, (16), and (54) imply

sup (\/ieﬂtHVHzHHl) < C + sup (||Vv2||L2H\/Ee’BtH2||Lm) + sup (||VH2||L2||\/£65tv2||Lm)

teERL teR teER

< C.

Hence, Theorem 1 and (93) give

sup (5H2) < (||yfaigl| + 15Eulls + Il )
+
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For 4/ plév, we similarly have

¢ 3
Vool < |y fobsu, + i Ive?ls ([ I950lar ) (91)

The regularity properties of the Stokes system together with Lemma 3, (54), and Lemma 4
yield
sup (VEe?! [ V0| 10) < C + C sup (VA |IVie? v | [0 12)
teR tERL
+ C sup (||[Vte"" H?||p= ||VH?||12) + C sup (|Vte’ H?|| 1= || VV?| 12)
teR teRy
<C.

Combining this bound with Theorem 1, (93), and (94), we conclude that

sup (el vew]| ) < © (H\/;éévoHLz +10H |12 + |5p0||%2> .
+

The proof of Theorem 2 is complete. O
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