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0 Introduction

BSPDEs were introduced by Bensoussan [1, 2] as the adjoint equation of SPDE control
systems. Since then BSPDEs appeared in a large amount of literature related to control theory
as well as many other research fields. For example, in the study of stochastic maximum principle
for stochastic PDEs or stochastic differential equations (SDEs in short) with partial information,
the adjoint equations of Duncan-Mortensen-Zakai filtering equations are needed to solve first,
which are actually BSPDEs. For this kind of discussions and applications, one can refer to
[3, 4, 5, 6, 7], to name but a few. Moreover, by means of the classical duality argument, the
controllability of stochastic evolution equations can be reduced to the observability estimate for
BSPDESs, and this duality relation was utilized in e.g. [8, 9]. Besides the applications in control
theory, BSPDEs are also used to the stochastic process theory and mathematical finance, and
we recommend the reader to see [10, 11, 12, 13] for more details.

However, the solvability and the regularity of BSPDE, even for linear BSPDE, are tough
problems due to the differential operators in the equation and its non-Markovian character. The
recent work [14] by Du, Tang and Zhang made some progress and lifted the restrictions on the
technical conditions for the Cauchy problem of linear degenerate BSPDEs. This work motivates
us to consider the Cauchy problem of semi-linear degenerate BSPDEs under general settings.
Actually, non-linear stochastic equations bear more application backgrounds without the excep-
tion of non-linear BSPDEs. For instance, Peng [15] discussed the Bellman dynamic principle for
non-Markovian processes, whose corresponding backward stochastic Hamilton-Jacobi-Bellman
equation is a fully non-linear BSPDE. Moreover, in many subjects of mathematical finance,
such as imperfect hedging, portfolio choice, etc., non-linear BSPDEs appear as an important
role and one can consult [16, 17] for this aspect if interested.

Needless to say, more difficulties lay on the solvability of non-linear BSPDEs. In fact,
the solvability of solution to the fully non-linear BSPDE put forward in [15] is still an open
problem, under general settings. Even for semi-linear BSPDE below we consider in this paper,

only few work studied on it:
du = —[Lu+ Mq + f(t,z,u,q + u,0)]dt + ¢"dW}
uw(T,x) = p(x), = cR?, (1)

where

Lu = auyiyi + blug +cu and Mg := o™*¢" + F¢ .

xt

9.
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In 2002, Hu, Ma and Yong considered semi-linear BSPDE of above form, under some specific
settings and technical conditions in [18]. For instance, they only considered one-dimensional
equation and the coefficients o, v were independent of x. One of our goal in this paper is to
lift these restrictions and derive the existence, uniqueness and regularity of semi-linear degen-
erate BSPDE without technical assumptions. Also we would like to indicate that the similar
regularity of solutions are obtained in this paper, but much weaker regularity requirements on
the coefficients are needed in comparison with [18]. Besides, Tang [19] is also concerned with
semi-linear degenerate BSPDEs by the method of stochastic flows, but this method causes a
cost of assuming differentiability of higher orders in x on the coefficients.

Our another motivation is to establish the correspondence between semi-linear degener-
ate BSPDE and FBSDE. It is well known that, in Markovian framework, the Feynman-Kac
formula for semi-linear equations was established by Peng [20] and Pardoux-Peng [21]. This
Feynman-Kac formula demonstrates a correspondence between semi-linear PDE and FBSDE
whose coefficients are all Markov processes. But in the non-Markovian framework, FBSDE
does not correspond to a deterministic PDE any more, but a BSPDE instead, by stochastic
calculus. Certainly, as an extension of Feynman-Kac formula, this kind of correspondence is
basically important, whether in Mathematical finance research field or in a potential application
to numerical calculus of BSPDE. To get the correspondence, one necessary step is to derive the
continuity of solution to FBSDE. Similar to [21], we utilize the Kolmogorov continuity theorem
to prove it. But in our settings, no uniform Lipschitz conditions for ¢(x) and f(s,z,0) with
respect to z are assumed. Instead we suppose that o(-) and f(s,-,0) belong to W'? space and
use the Sobolev embedding theorem to get the desired continuity.

Although [18, 12] discussed the correspondence between BSPDE and FBSDE, our condi-
tions are weaker but results are stronger in the solvable case, and thus can be applied to more
equations. We expect that this kind of correspondence under our settings has independent
interest in the areas of both SPDEs and backward stochastic differential equations (BSDEs in
short).

1 Preliminaries

Let (Q, #,{%:}:+>0,P) be a complete filtered probability space, among which the filtration
{Z:}+>0 is generated by a d’-dimensional Wiener process W = {W;;¢ > 0} and all P-null sets
in .Z.

The following notations will be used in this paper:

e For any multi-index v = (v1,...,74), we denote
8 7 a 2 a Yd
DY=D7 .= [ — S I
e (8961) <8x2> <8xd>

-3



mEITEI Z§iEiEz£ http://www.paper.edu.cn

and [y| =y + - + 74
e Forn € ZT, 0 < a < 1, denote by C5° = C5°(R?) the set of infinitely differentiable
real functions of compact support on R?, by C™ = C"(R?) the set of n times continuously

differentiable functions on R¢ such that

n 1= D7 < 00,
fuller = 3 sup [D7u(a)] < oo

y|<n TER

and by C™® = C™*(R?) the set of Holder continuity functions on R% such that

D7u(x) — DVu(y
S D)D)

@
z,yERI x4y |.T) - yl

[ullgn.a = llul < 00,

[v|=n
where ~ is a multi-index.
e For p > 1 and integer m > 0, we denote by W™ = W™P(R%; R!) the Sobolev space of

real functions on R? with a finite norm

ey = (

In particular, W%? = LP. It is well known that W™?2 is a Hilbert space and its inner product
is denoted by (-, ).

e For p > 1 and integer m > 0, we denote by [W?]9 = W™»(R%R?) the Sobolev space
of d’ dimensional vector-valued functions on R? with the norm ||v||,,, = (Zz;l ||Uk||%7p)1/p.

e Denote by L% (0,T; W™P) (resp. L% (0,T; [Wr]4)) the space of all jointly measurable
processes u : Q x [0, T] — W™P (resp. u: Q x [0,T] — [W™?]?) such that u is .#;-adapted

and

Z/ |D7u|pdm>p.
Rd

[v|<m

T
E/m@mwm<m.
0

e Denote by C([0,T]; W™P) (resp. C%([0,T]; W™P?)) the space of all jointly measurable
processes u : 2 x [0,T] — W™P strongly (resp. weakly) continuous with respect to ¢ on [0, 7]
for a.s. w, such that u is #;-adapted and

E sup [[u(®)|},, < oo.
te[0,T) ’

Here, when we talk about u € C%([0,T]; W™P), it means that for any f in (WW"™?)*, the dual
space of W™ f(u(t,w)) is a.s. continuous with respect to ¢t on [0, T7].

Throughout this paper the summation convention is in force for repeated indices. For
the coefficients in the semi-linear BSPDE (1), we always assume that a = (a")gxq, b =
(b, b%), ¢, 0 = (6™)gxa and v = (V',--- ,v%) are jointly measurable and .F;-adapted
with values on the set of real symmetric d x d matrices, R%, R', R¥?" and R?, respectively;

the real function f(t,z,v,r) defined on Q x [0,7] x R? x R! x R? is jointly measurable and

_4-
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F-adapted for each (z,v,r) and continuous in (v,r) for each (w,t,z); the real function ¢ is

Fr x B(R?)-measurable. Moreover, the following hypotheses will appear in the arguments.

(A,,) For a given constant K,, > 0 and a given integer m > 0, the functions b, ¢, v* and
their derivatives with respect to = up to the order m, as well as a/, o and their derivatives
up to the order max{2,m}, are bounded by K,,.

(P) (parabolicity) For each (w,t,z) € Q x [0,T] x RY,

[2aij(t, z) — o'k (t, x)]ﬁiﬁj > 0, for arbitrary ¢ € R?.
(SP) (super-parabolicity) There is a constant € > 0 such that for each (w,t,7) € Qx[0,T]x R4,
[2aij(t, x) — o*aik(t, m)]gifj > €6;;€'¢7, for arbitrary & € RY,
where 0;; = 1 when ¢ = j, otherwise 9;; = 0.

Definition 1.1. We call a pair functions (u,q) € L% (0,T; W?) x L%(0,T; [W°2)¥) a (gen-
eralized) solution of BSPDE (1) if for each n € C§° and a.e. t,

(ult)mo ={oma+ [ {Lut Ma+ fs,2,,0 + ), hods
r (1)
—/t (q"(3),n)odWE P —as.

Remark 1.1. According to the definition of L, (a"uyizi,n)o appears in (1) as the principal

part of Lu, which is understood as
(@ Ugizs, M0 = —(aTUgi, Mo Yo — (@ ugi, M)o.
For convenience, we do a transform in equation (1) by setting
q=q+uo.

Define o/ = 26" ¢7%. Then equation (1) can be rewritten as the following form:

du = —[Lu+ MG+ f(t,z,u,§)]dt + (7 — us0)dW,
{ u(T,z) = p(x), xeR 2)
where
Lu= (@ — 209 )y g —Ff(}uac +cu and b =bi — ik gik — ykgik,

It is clear that a function pair (u, q) satisfies (1) if and only if (u, q) satisfies the following
T ~
(u(t),mo = (o +/ (Lu(s) + Mq(s) + f (s, z,u(s),q(s)),m)ods
t
T
- [ @) = wots)modv. )
t

_5-
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To investigate semi-linear BSPDEs, we need some results about linear equations. In the

linear case, f in equation (1) is taken to be independent of the last two variables, i.e.
flt,z,v,r) = F(t,x),

and the corresponding linear BSPDE has a form as below:
{ du = —[Lu+ Mg+ F|dt + ¢"dW}
u(T) = . (4)

Then we have

Theorem 1.1. (Theorem 2.1 in [14]) Let conditions (A,,) and (P) be satisfied for given
m > 1. If F e L%(0,T;W™?) and ¢ € L% (Q;W™?), then BSPDE (4) has a unique

generalized solution (u,q) such that
we CL(0,T;W™?) and q+u, o € L%(0,T; [W™3%),

and for any integer my € [0, m], we have the estimates

T
E sup [u®)|, , +E / N+ e o) (D)2, dt

0<t<T
T

< CB(lelit [ IFOIE, aa). o)
0

Here C is a generic constant which depends only on d,d', K,,,m and T.
In addition, if F € L' (0, T;W™P?) and ¢ € L _(Q; W™P) forp > 2, thenu € C%([0,T]; W™P),

and for any integer my € [0, m],

T
B sup, [0l < OBkt + [ IFOIL, )
0

0<t<T

In the remaining of this paper, we still use C' > 0 as a generic constant only depending
on given parameters, and when needed, a bracket will follow immediately after C' to indicate
what parameters C' depends on.

However, (5) is not enough to obtain the estimates of the solution to the semi-linear

equation, and we need more preparations. First let’s see a lemma below.

Lemma 1.2. Let conditions (A1) and (P) be satisfied, and (u, q) is the generalized solution of
linear BSPDE (/). Then there exists a positive constant C' = C(d,d', K1, T) such that for any
positive number X\ > C + 1,

T T
2
E/ 6”(”“”?,2 + lla + UMH?,z)dt < 2eME| |1, + )\ClE/ MF@)T pdt.  (6)
0 - - 0



mEITEI Z§iEiEz£ http://www.paper.edu.cn

Proof. Take a small number ¢ > 0. Consider the following BSPDE:
du® = —[(eA + L)u® + Mg + F|dt + ¢°dW,
{ u (T) = . (7)
Clearly, BSPDE (7) satisfies the super-parabolic condition (SP). In view of Theorem 2.3 in
Du-Meng [22], equation (7) has a unique solution (u®, ¢°) satisfying

ut € L%(0, ;W) N Cx((0, T W), ¢ € L%(0,T; [WH]%).

Doing a similar transformation as in (2) with ¢ = ¢° + uSo and applying It formula (c.f. [23])

to eM(341<1 D us[?), we have
T
E|lu®(0)[17 2 — e Elloll » + AE/ e||us ()17 2t
0

T
=2 Z ]E/O eM(Du, D*[(eA + L)u® + MG + F])odt

jal<1
T
B [ MIE - ol it (8)
0

From Lemma 3.1 in Du-Tang-Zhang [14], we know that there exists a constant C' depending

only on d,d’, K1, T, but not ¢, such that
2 Y (D, D*[(eA + L)u® + MG + F|)o — ||F° — uso?,
la|<1

1 € €
< 5@ O + Cllw @17 2 +2(w, F)r.

This along with (8) yields that

1 [ .
32 [ (IOl + 17 1) e
; , (9
<OTEplE, + (C A+ DE [ MOl o+ 28 [ Mol (o
0 0

Then taking A > C' + 1 and noting that
1
2, FR(0) < (= O = DOl + 55— IF O,

we obtain estimate (6) for (u®,¢%).

In view of the proof of Theorem 2.1 in Du-Tang-Zhang [14], we know that there exist-
s a subsequence {e,} J 0 such that (u®,q°) converges weakly to (u,q) in L% (0,T;W?) x
L%(0,T; [W'2%) as n — oo. Hence estimate (6) follows from the resonance theorem and the

proof is complete. O
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Remark 1.2. (i) Following the proof of Lemma 1.2, together with an application of Ito formula

to e M|uf|?, we can easily prove

T T

2
E/ 6”(”“”3,2 +llg + uzU||(2>,2)dt < 2ME| |5 + /\ClE/ M F@)IG o0t (10)
0 - - 0

with the identical constant C' in Lemma 1.2.

(i) If we further assume that (Az) holds, f € L% (0,T;W??) and ¢ € L% (Q; W?>?), then
we can similarly deduce, by applying Ito formula to e/\t(Zm\gz |D*uf|?), that there exists a
positive constant C' = C(d,d', K2, T) such that for any positive number A > C + 1,

T T
2
E [ (Juls + o+ usolf,) dt < 20 Ellol, + s—g—E [ IFOIR, dt
; : ! A= C-=1 ), ’
(1)

2 Existence, uniqueness and regularity of solutions to
semi-linear BSPDEs

We make a further hypothesis on the function f in BSPDE (1):

(F) the function f(t,z,v,r) satisfies
(1) for arbitrary (w,t,x,v,r), fs, fo and f, exist;
(2) f(,+,0,0) € L% (0, T; WH?);
(3) there exists a constant L > 0 such that for each (w,t,x),
|f(t) €, Uy, Tl) - f(t7 €, Uz, T2)| + Hf$(t7 €T, V1, Tl) - fx(ta Z, Uz, TQ)H

< L(|vy — va] + ||r1 — 72])), for arbitrary vi,v; € R, 71,79 € R .

Obviously, f, and f, are bounded by the constant L.

First we give the proof for the existence and uniqueness of solutions to semi-linear BSPDEs.

Theorem 2.1. Let conditions (A1), (P) and (F) be satisfied. Suppose p € L% (Q;W'?), then
BSPDE (1) has a unique solution (u,q) such that

u € CL([0,T);Wh?), g+ uzo € L%(0,T; [WLQ]dl).

Moreover, there exists a constant C = C(d,d', K1,T, L) such that

T

T
B sup [u(tlf; +E / |q+uma|i2<t>dts0E<||so||i2+ / |f<t,-,o,o>|i2dt). 1)
0 0

tel0,T"

Proof. We mainly use the Picard iteration in the proof of this theorem.

Step 1. Define a successive sequence by setting
(w0, q0) = (0,0)

- 8-
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and {(un,@n)}n>1 to be the unique solution of the following equations:
{ dun = - [Eun + qu + f(t7 T, Un—1,Gn-1 + un,LIU)] dt + quthk
un(T) = ¢. (2)

The solvability of equation (2) is indicated by Theorem 1.1 since one can easily check that
f('a Yy Un—1yqn—1 + unfl,aso-) € L;(Oa Ta WLQ)

by virtue of condition (F). Then we obtain a sequence {(un,n)}n>0 C C%([0,T]; W?) x
L%(0,T; [W'2]%), where
Tn = Gn + Un,z0-
Step 2. For the sequence {(un,@qn)}n>0 defined in Step 1, we prove that a subsequence
converges weakly in L% (0, T; W2) x L%(0,T; [W'2]?). First noticing condition (F), we have

that for each integer n > 1, there exists a positive constant C depending only on L such that
T
S R PR A
0

o , Q
< 8| [ s 0.0+ [ (s
0 0

|i2 + @1 ||%2) dt] .

If we denote the constant C' in (6) and (10) by Cy, then taking Ao = 4C + C; + 1, we can

prove a claim that for each n > 0,

T
B [ (lunllts + 13I8 ) de < 42( Aol +
o 0

To prove it, the mathematical induction is used. Assume that (4) is true for n — 1. Applying

T

emllf(t,~,0,0)Iligdt>- ()

Lemma 1.2 to equation (2), by (3) we have

T
B[ (s + [l )

9 T
IE/ et £(t, ';unflvqnfl)”%th
0

<2eMTE|p|f s+ ————
> z€ ||SO||1,2 + )\0 o Cl .

< 2e™TE||pl}

2C g Aot 2 g Aot 2 -~ 2
t B [ 0,00 Bt + | e (a1l )t
)\O_Cl—]. 0 ’ 0 ’ )

T
<8l + [ NS00 ).
0

By (4), we immediately know that {(u,, @,)}n>0 is uniformly bounded with the norm of

L2.(0,T; Wt2) x L2,(0,T; [W2]%). Hence there exist a subsequence {n'} and a function pair
z z

(@,q) € L%(0,T; W) x L% (0, T; [Wh2)?)

9.
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such that as n’ — oo,
(s, @) — (@, Q) weakly in L2 (0, T; Wh2) x L%(0,T; [WH3]4).

Step 3. We then prove the strong convergence of {(un,qn)}tn>o in L% (0,T; Wo2) x
L%(0,T; [W°2]%). In view of (10) and condition (F), taking A\ = \; = 8L> + C; + 1 and

n > 1 we have

T
B [ (s =l + 1~ Gl )t
0

2 T
<— > F MUt g, o) — [ U1, Gt )2 ot
_Alfclfl /0 € Hf(77u7Q) f(77u 1,4 1)”0,2
1 4 A 2 2
< 2B [ (lun = wnms B+ 1~ Goca ),
0

which implies that {(uy, §n) }n>0 is a Cauchy sequence in the space L% (0, T; W2)x L% (0, T; [W%2]%).
Actually {(wn,qn) : n > 1} is also a Cauchy sequence with the norm EfOT | - [1§.2dt due to

the norm equivalence between \/IE fOT eMt| - |13 dt and \/EIOT | - 11.2dt in L% (0,T; W) x
L%(0,T; [W°2]7). We denote the strong limit of {(tn,@n)}n>0 by (u,q). Recalling the subse-
quence {n'} in Step 2, we know that {(u,, g, )} converges strongly to (u,q) in L% (0,T; W?) x
L%(0,T; [W°2]?). By the uniqueness of the limit, we have

(u,9) = (@,q) € L%(0,T; Wh2) x L%(0,T; [WH2)).

Step 4. Next we prove that (u,q) is a solution of BSPDE (1) to complete the existence
proof. For this, we need verify that (u,q) satisfies (3). First we know that

(un (t);mo =" (p:m)o +/t (Lt (5) + Mo (5) + (5.2, tnr—1(5), G- (5)), mods

- / G (5) — 20 (5), 1)V %)

Since (w1, @ 1) converges strongly to (u,q) in L% (0, T; W°2) x L2(0,T; [W°2]¥) as n' —

00, by condition (F) it follows that, as n’ — oo,

T
E / V(s ttm 12 G) — F (w0, DI ()t — 0.
0

Hence, for any n € C§°, all terms of (5) converge weakly to the corresponding terms of (3) in
L% (0,T;R") since the operators of Lebesgue integration and stochastic integration are contin-
uous in L% (0, T;R"). Therefore, (u,q) is a generalized solution of (2). Setting ¢ = §— u,0, we
know that (u,q) is a generalized solution of BSPDE (1).

Moreover, since (u,q) is obtained, we regard f(¢,x,u,q + uz0) as the known coefficient

and (u,q) as the solution of linear BSPDE with given f(¢,z,u,q + u,0). By condition (F),

- 10 -
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f(t,z,u,q+u,o) € L%(0,T; W™2). Then we get from Theorem 1.1 that u € C'4([0,T]; W?)
and (1) follows.

Step 5. We finally deduce the uniqueness of solution to semi-linear BSPDE. Assume that
(u1,q1) and (ug, q2) are two generalized solutions to BSPDE (1). Set ¢; = ¢; + u; .0, i = 1,2.
Noticing (10) and taking A = \; again, by condition (F) we have

T T
o 1 PO
B[~ walfy + 18 - @)t < 5B [ (- wallhy + 13 - @)
0 0

The uniqueness of solution immediately follows, which completes the proof of Theorem 2.1. [

In the remaining part of this section, the regularity of solution to semi-linear BSPDE is

explored. We consider a simpler form of BSPDE (1) with f(¢, z,v,r) independent of r:
du = —[Lu+ Mq+ f(t,z,u)]dt + ¢"dWF
{ uw(T,z) = p(z), =R (6)
For BSPDE (6), condition (F) is simplified as follows:

(F') the function f(t,,v) satisfies
(1) for arbitrary (w,t,z,v), f, and f, exist;
(2) £(-,0) € L2 (0, T3 WH2);
(3) there exists a constant L > 0 such that for each (w,t,z),

|f(t, z,01) — f(t, z,0)| + || fa(t, 2, v1) — fu(t, z,v2)|| < Llvy — va|, for arbitrary vy, vy € R.

Obviously, f, is bounded by the constant L.

We know from Theorem 2.1 that under conditions (A,), (P) and (F'),if p € L% _(Q; W?),
BSPDE (6) has a unique solution (u, q) € C%([0, T]; W1?)x L% (0, T; [W%?]?). Moreover, some
regularity results for BSPDE (6) can be obtained.

Theorem 2.2. We assume that conditions (A1), (P) and (F') are satisfied, and for p > 2,
f(,,0) € L%(0, T; W) and ¢ € LY (Q;W'P), then u € C%([0,T]; W'P) and there exists a
constant C = C(d,d', K1,T, L,p) such that

T
E?E? ||U(t)||§),p < CeCpE<||<p||117,p +/ I f(t, .70)”117,1} dt). (M)
= 0
Proof. By condition (F'), it is easy to see that for arbitrary v € Wl»,

1t o)l = (8- o), + [ falt - 0)I0, < C)LF (- 0)T , + LPNv][7)- (8)

To avoid heavy notation, we set
T
m = B(lelt, + [ 1.0 ).
0

- 11 -
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Similar to arguments in Theorem 2.1, we define a recursive sequence {(u,,qn)}n>1 as

follows:
{ dun - - [*Cun + MQn + f(tu x, un—l)] dt + An th
un(T) = .

If u,—1 € L% (0, T; W), by (8) f(-,+, un—1) € L'(0,T; WHP), thus u, € C%([0,T]; W?) fol-
lows immediately from Theorem 1.1. By setting ug = 0, we know from mathematical induction
that {u,}n>0 € C%([0,T]; WP). Furthermore, by the estimate in Theorem 1.1 and (8), we
have for arbitrary ¢t € [0,T], n > 1,

T
Ellun(t)]?, <CE(|so|ff,p+ / ||f<s,-,un1>||a°,pds)
t
T
§C’/ El|un—1(s)|I},, ds + C My,
t

where C is independent of n. A simple calculation leads to

n—1

1 _
Ellu, (t)[},, < CM,; Z Hck(T —t)F < COMeCT Y, 9)
k=0

Hence there exist a subsequence {n’} and a function u € L% (0,7; W?) such that as n’ — oo,
u, converges weakly to u in L% (0,7;W?). By Banach-Saks Theorem, we can construct a
sequence u* from finite convex combinations of u, such that u* and u* converges to u and u,

for a.e. t € [0,T] z € R? a.s., respectively. Due to the norm itself is convex, (9) implies
T
E/ I ()17, dt < CM, (€T — 1).
0
By Fatou Lemma, it turns out that
T
E/ Ju(®)|f, dt < CM,(eT —1).
0

Regarding u as the solution of linear BSPDE with given coefficient f(t,z,u), by (8) and The-
orem 1.1 we obtain (7). O

From the proof of Theorem 2.2 and Corollary 2.3 in [14], it is not hard to derive the

following corollary.

Corollary 2.3. Let conditions (Ay), (P) and (F') be satisfied. If f(-,-,0) € LE(0,T; Wh>),
p e Ly (QWhe), then u € LF(0,T; Wteo) e

||u||L°9°(O,T;W1’°°) < C(d7 d07K17T7L7 f(7 ) 0)790) 2 COO

With the help of Sobolev embedding theorem, it is not hard to deduce the corollary below.

- 12 -
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Corollary 2.4. Under the conditions in Theorem 2.2 with p > 2 replaced by p > d, u(t,z) is

jointly continuous on (t,z) a.s.

Proof. For R € N, take a nonnegative function p € C5°(R?) such that p(x) = 1 on the closed ball
Br £ {z €R?: |z <R} and p(z) = 0 on {z € R?: |z| > R+ 1}, then it is clear that up €
C% ([0,T); W*(Bpg41)). Since the embedding from W'P(Bgy1) to C* (Bg41) is compact,
up € Cz ([0, T]; C*(Bg+1)) which implies that u(t, z)p(z) is a.s. jointly continuous with respect
to (t,x) on Bgryi. Thus u is a.s. jointly continuous with respect to (t,z) on Bgr. By the

arbitrariness of R, the corollary follows. O
Based on Theorem 2.2, we explore the regularity of solution to BSPDE (6).
Theorem 2.5. We assume that
(1) conditions (Az) and (P) hold, and ¢ € L% (Q;W*?)N LR (Q;Wh>);
(2) for arbitrary (w,t,2,), fo, for frs fous fou exist;
(3) £(0) € L2(0,T: W2) 1 L (0, T; W);
(4) fus fov, fou are bounded by L;
(5) for arbitrary (w,t,z,v), |fex(t,z,v)| < |fez(t,2,0)| + Llv|.
Then (6) has a unique generalized solution (u,q) satisfying
we C%([0,T); W) N LE(0, T; W) and q + uyo € L% (0, T; [W>?]%).

Proof. First of all, our assumptions satisfy the conditions in Theorem 2.2 and Corollary 2.3,

thus (6) has a unique solution (u, ¢) satisfying
u € CH ([0, T W) N LE(0, T; Wh>) and g+ uyo € L3 (0, T; [W2)7).

To get a better regularity, for arbitrary § > 0, we consider the non-degenerate BSPDE below:
du’ = —[(6A + L)u’ + Mq® + f(t,z,u’)] dt + ¢° dW,
{ u’(T) = ¢.

By Theorem 2.1 we know that above BSPDE has a unique solution (u’,¢°) € L% (0,T; W12) x
L%(0,T; [W°2]7), which together with condition (4) leads to a fact that f(t,x,u’) € L% (0, T; W?).
Regarding f(t,z,u’) as a given coefficient and using Theorem 2.3 in [22] for non-degenerate
linear BSPDE, we can get a better regularity of solution, i.e. (u°,¢°) € L% (0,T; W>?) x
L%(0,T; [W?2)7). Then ¢’ + ulo € L%(0,T;[W?>?%), and by (11) there exists a positive
constant Cy = Cy(d,d’', K2, T) such that for any positive number A\ > C5 + 1,

T
B [ (Il + " + il ) de
0

2

<9 )\T]E 2
> z€ ||SD||2,2+ )\_02_1

T
E / Mty )| d. (10)
0

- 13-
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Also, by Corollary 2.3 we have |ul| < C., so it follows from conditions (2)(4)(5) that

(8, u®)| < | f(t2,0)] + L',

{f(tz,u)}al < |fa(tyz, 0)] + L(ju’| + [ul)),

{2, u) aal < [ faalty @, u®) 4 2 fou (8, u)] - Jug] + | ooty 2, ul)] - [ug
ot u)] - Jug,

| foa(t, 2, 0)| + L|u’| + (2 + Coo) Lul| + L|ul,|.

IN

Hence,
1£ s u)E e < O Coo) (IF(E - O + 1 .2)-

Putting this estimate into (10), we immediately get

T
B[ (I, + e + o) d
0

2C(L,Cod) . [T
< 2¢"E|l[3, + ()E/ (12 0135 + '3 ) .
A=Cy =1

Then taking A =4 C(L,Cx) + C> + 1 in above and setting

T
s = (el + [ 5060 at).

we obtain the uniformly bounded estimate for (u’, ¢’ +usc) in L% (0, T; W?2)x L% (0, T; [W?22]4),

ie.
T
B[ (I + e + ulolR,) dt < 40, (1)
0

where A is independent of §. So we can get a sequence {d,} | 0 and (u,7) € L% (0,T; W>?) x
L%(0,T; [W?2)7) such that (u™, ") £ (u’, ¢’ +u’" o) converges weakly to (4, 7) in L% (0, T; W?2)x

L%(0,T; [W?2]7). The weak convergence of u to @ in L% (0,T; W??) also implies the weak
On

x

convergence of uro to u,o in L% (0,T;W1?). Hence ¢°» = r" —u
g7 — 1,0 in L%(0,T; [WH27).
Next we show that {u’"} is a Cauchy sequence in L% (0,T; W%?2). If so, the strong con-

o converges weakly to

vergence of u’ to @ in L% (0,T;W%?) follows and it is easy to see that (u,q) is the unique
solution to (6) referring to the arguments as in Theorem 2.1.

To prove that {u’"} is a Cauchy sequence in L% (0,T; W%2), we set

Obviously, (u™™, ¢™™) satisfies equations as follows:
du™™ = —{(6, A+ L)u"™ + Mq"™ + f(t,z,u’) — f(t, z,u’m)
+ (8 — 6m) AU’} dt + g™ AW,
u™™(T) = 0.

_14 -
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By (5) in the case of m; = 0 and (11), for ¢ € [0, 7], we have
E[|u™™ ()I[5,5

T T
‘jE{u[ 1520 = Flssrs ™ ds + (52— ) [ nAumwﬂﬁgds}

IN

IN

T
CE/ ||u"m(s)||g2 ds + (0, — 0n) C My,
t

where the constant C' is independent of d,,d,,. Therefore, we can apply Gronwall inequality
and take n, m — oo to deduce that {u"} is a Cauchy sequence in L% (0,T; W%2). The proof of

Theorem 2.5 is complete. 0

Remark 2.1. (i) Theorems 2.2 and 2.5 improve much in many aspects in comparison with
Theorems 3.2 and 5.1 in Hu-Ma-Yong [18]. For example, our result includes multi-dimensional
equation and the coefficients o,v in BSPDE can depend on x (actually, all the coefficients in
our setting are a function of (w,t,x)). Also the regularity condition of coefficients in Theorem
2.5 is weaker than that in Theorem 5.1 in [18]. Needless to say, all these improvements are not
trivial.

(ii) Denote by DEDJ f, i,j € Z* the derivative of f which is i order with respect to x and j

order with respect to v. For m > 1, if we assume

(1) conditions (A,,) and (P) hold, and p € L% (Q;W™?) N Ly (G W™—1>);

(2) for arbitrary (w,t,z,v), all DD f exist, where 0 <i,5 <m and i+ j > 0;

(3) F(--,0) € L2(0,T; W™2) A L3 (0, T; Wm—1°);

(4) all DD f are bounded by L, where 0 <i<m—1,0<j<m andi+j > 0;
(5) for arbitrary (w,t,,v), | D2 (1,2, 0)| < 1Dt ,0)| + L.

Then from the argument of Theorem 2.5, it is not hard to prove that (6) has a unique generalized

solution (u,q) satisfying

we C%([0,T); W™2) N LE(0,T; W) and q + uzo € L%(0,T; [W™).

3 Connection between BSPDEs and FBSDEs

In this section, we study the connection between semi-linear BSPDEs and FBSDEs. This
kind of connection is established in a non-Markovian framework and can be regarded as an

extension of Feynman-Kac formula for semi-linear PDEs and BSDEs (c.f. [21, 20]).
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First give a SDE whose coefficients may be non-Markovian:

X0 =g +/ b(r, X" )dr +/ o(r, XE9)dW,, s>t
t t
X =z 0<s<t, (1)

where W = {W;;t > 0} is a d’-dimensional Wiener process. We always assume that b, o satisfy

(A;). Then we present a BSDE whose coefficients depend on the solution of above SDE:

T T
szt’z = (p(X;“’x) + / f(n X:E’mv Y:’I)dT o / Zf’vdeT (2)

S

Thus (1) and (2) constitute a FBSDE system.

Remark 3.1. (i) Given p > d, note that

T T T
E / (s, X%, 0)Pds < E / 1£ (5, 0)|[2~ds < CE / 1£(5: - 0) 17 0 ls.
0 0 0

Hence, if f(-,-,0) € LZ(0, T; WP) , p € L% (;WP), and for anyw € Q, s € [0,T], f(s,,y)
satisfies the uniformly Lipschitz condition with respect to y, we can first prove that there exists
a unique solution (Y2, Z1")sen ) to BSDE (2) in a standard way. Then, by the results of

S

Proposition 3.2 in [24], we know that the solution of BSDE (2) satisfies

T T )
E sup [Y!Pds +E / YEe[P=2| 782 2ds + (E / |Z§’m|2ds)2 < . (3)
t t

t<s<T

(ii) For s € [0,t], (2) is equivalent to the following BSDE:
t t
Y =Y)H" +/ f(r,z, Yf)dr—/ ZEdW,.

As stated in (i), in view of Y;'* € L% (Q; LP), the above equation has a unique solution
(Y, Z%)sep,4- To unify the notation, we define (Y*, Z0%) = (Y, Z¥) when s € [0,t).

Our purpose is to investigate the connection between FBSDE (1, 2) and the following
BSPDE:

du = —[a9uyizs + b'ug + 0™ ¢k + f(t, 2, u)]dt + ¢" AW
uw(T,z) = p(x), = cR? (4)

where ' = LotFgik,

As for the case that f in BSDE (2) involves nonlinear Z5*, correspondingly f in above
semi-linear degenerate BSPDE should involve nonlinear ¢ + u,o. However, for this kind of
BSPDE a high regularity of u is still an unsolved problem in our settings, which is necessary
to establish the correspondence between semi-linear BSPDE and FBSDE as our method below

shows. So here we assume that f in BSDE (2) only involves nonlinear Y,"*.
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We begin with the linear case that f(t,z,y, z) = c(t,z)y + v¥(t,2)z" + F(t,z) and in this

case the involving BSDE has a form like below:

T T
YEr =)+ [ el XY o X2+ PO X dr - [ 2w, (9
The corresponding linear BSPDE is as follows:

du = —[Lu+ Mg+ F|dt + ¢"dW}

u(T,z) = p(z), zeR, (6)
where £, M are defined as in (1).

Referring to Lemma 4.5.6 in [25], we first give a useful lemma.

Lemma 3.1. Under condition (Ay), for p > 1, t',t € [0,T], the stochastic flow defined by (1)

satisfies

E sup | X0 = X0 < O, T) (14 |l + |2/ 2) (1o = af + ' = 1) as.
s€[0,T]

The following proposition borrows ideas from [21, 26]. Although F(s,x) is not Lipschitz
continuous on z, we still can derive the continuity of ¥;"* due to the Hélder continuity of F (s, z)

on x.

Proposition 3.2. Let conditions (A1) be satisfied. For a given p > 2d + 2, suppose F €
L%(0,T; W) and ¢ € L% (S WHP). If (Y )sep,r) is the solution of BSDE (5), then for
t€[0,T), z € R, (t,x) — Y;" is a.s. continuous.

Proof. By Remark 3.1, we know that BSDE (5) has a unique solution (Y»*, Z1%) cj0,7] and
it satisfies (3). For t,t' € [0,T], x,2’ € R% s > 0, 0 < B < 1, assume without loss of any
generality that Sp > 2d 4+ 2 and |z — 2’| < 1. Applying It6’s formula to e®PKs|y¥ =" — ybo|fp,

we have

T

eﬁszD/St’w’ o Yst7:v|,6p +,8pK/ e,BPKrD/Tt’@’ _ Y'Tt,:r|ﬂpd7n

Bp(Bp — 1) g Kr|y -tz t 2tz t,2(2
IR [ ey oz gy

/SI ’ ’ T ’ !
< TN = (X (B 2K3p) [ Y v
ﬂp T oo o ’ ;S
+2/ SPETY T — YRR e(r, X )Y — e(r, X0T) Y, [Pdr

PP=2|y (7, Xﬁ/@/)Z}f/’x/ —v(r, X" 25" dr

5}7 T BpKr Yt',z' Yt,w
+8K12 € ‘ r i

T
+ﬁp/ PRI YR PR R (r, XU = F(r, XP7) Pdr

T
—% / PRIV YRR (Y Y (2] — Z07) AW, (7)
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We need to deal with those terms involving the solutions of coupled SDEs on the right hand
side of (7), so as to follow the procedure in the proof of Proposition 3.2 in [24] to deduce the

continuity dependence of solution of BSDE under expectation. Firstly,
T 7 ! ’ ’ ’ ’
B[Ry el XYY s, XY s
t
T ! !’ ! !’ 1 l
S QE/ eﬁpKrly'st ax }/St,w’ﬂp72(|c(s’X; T )|2|Yst ax Y'St,a:|2
t

(s, XI) = e, X0 P YL ) ds

T T
< 2K12E/ eﬁpKT‘}/;t/’x/ . }/;5,1 des + EE/ eBpKr|}/St/7w/ . Y;t’I|’8pdS
t t

T ﬁ T o Bp 1_ﬁ
+C’(E / |Y;’f”|pds> (E / X —Xﬁ’ﬂﬂds) , (8)
t t

where € > 0 is a generic constant which can be taken sufficiently small. Similarly, it follows
that

E/ Ty Y, X720 — s, XE7) 2 s
' T
< QK%E/ e,BpKr‘Y:',x/ - Kt,x|ﬁp—2‘Zi',x/ _ Zﬁ’w|2d8
' T
SORTE [ e Py X2 P, 0
t

Noticing the C%® norm is controlled by the W!? norm in view of Sobolev embedding theorem

Withazl—%<1,wehave

T !’ 7
E/ PPET F(s, XU7) — F(s, X57)|PPds

t

T ’ ’
SE [ (s )X — XL
t
T K B T K o afBp 17B
< (B [ s lds) (B [ e - xi )
t t

T ’opt aBp 1-8
SC(]E/ Xt —Xﬁﬂﬂds) . (10)

t

Similar to above, we can also get

YA ’ ’ afBp 1_5
BT (X5 ) — p(Xi7)|7 < C(BIXS™ — X5 |P5) . (1)

Then following the proof of Proposition 3.2 in [24], by (8)-(11), Lemma 3.1 and the fact that
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K can be taken sufficiently large K, we similarly deduce

E sup |Y'St',x' _Y'St,a:|ﬁp
s€[0,T)

t oz’ t afBp 1-8 T Y Bp 1-8
sz(EM%“ —A%“lw) -+CE(/“LX§¢-—X?ﬂL%dQ
0

50 \ 18 r 5\ 5
+C(E sup |xboe - x| ™) (B ( / 207 ds) ")
0

s€[0,T]
T ro . aBp 1_/6
+C(E/ bt —Xﬁ’”|mds)
0
< 1)1+ falr +12) (I = 2% 41— 1) s

Since Bp > 2d + 2, by Kolmogorov continuity theorem (see e.g. Theorem 1.4.1 in [25])
we know that Y has a continuous modification for ¢ € [0,7] and x € Bg with the norm
SUP (0,7 |Ys("‘)|, where Bp is defined as in Corollary 2.4. In particular,

lim |Y," —Y})"| = 0.
Thus we have
lim [V,)" — Y| < lim (Y, Y2+ [Y" =Y ") =0 as.

t!—t
z/ —ax z! =

The convergence of the second term follows from the continuity of Y/ in s. That is to say
Y,}"" is a.s. continuous, therefore Y;"* is continuous with respect to t € [0,7] and = € By
on a full-measure set QF for any R € N. Taking Q = Nren 2F, we have P(Q) = 1. Since
Ugen Br = R?, for any ¢ € [0,T] and = € R?, there exists an R such that € Bg. On the
other hand, For any w € Q, obviously w € Qf, R=1,2,---. So Ytt’m is continuous with respect
tot € [0,7] and = € R? on Q. Proposition 3.2 is proved. O

Then we can get the correspondence between BSPDE and FBSDE in the linear case.

Theorem 3.3. Let conditions (A1) and (P) be satisfied. For a given p > 2d + 2, suppose
F e L%(0,T;W'P) and p € LY, (Q;W'P), then the solution (u,q) to BSPDE (6) satisfies

u(s, X0") =Y forall s € [t,T], x € R as., (12)
where (X,Y, Z) is the solution of FBSDE (1, 5).

Proof. Step 1. First we smootherize all the coefficients in FBSDE (1, 5) and BSPDE (6). For
this, take a nonnegative function p € Cg°(R%; R') such that [, p(x)dz = 1. For arbitrary ¢ > 0
and a mapping h : R — R!, we define h° by

eron _ —d (% d
hi(x)=¢ p(g)*h(x) for € R*.
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Moreover, if h is a vector or matrix, we get the smootherized h® by smootherizing each element in

h. In this way, we can smootherize all the coefficients and get three equations with smootherized

coefficients:

Xbe =g —|—/ b (r, X5 )dr —I—/ o (r, XL™YdW,, s>t

t t
Xb*e =g 0<s<t, (13)
T
VIR = G+ [ XY A X2 4 B X
T S
_/ Zﬁ,a:,deT (14)

and

du®(t,z) = —[Lou(t, @) + M ¢ (t, ) + F*(t,x)|dt + ¢ (t,z)dW,

{ w (T,z) = ¢°(x), = €R?, (15)
where X¢, (Y, Z°) and (u®,¢°) are the unique solutions of (13), (14) and (15), respectively.
Due to the smooth coefficients, we know that all X>*¢ V%€ and u®(¢, z) have a high regularity
on variable z such that u®(s, X>®¢), Y% € CH2([0,T] x R?). By Ito-Wentzell formula it is
not hard to deduce that u®(s, X-*°) is also a solution to BSDE (14). Due to the uniqueness of
solution, we have u(s, X1®¢) = Y1%¢ for a.e. t € [0,T], * € R? a.s., then the continuity with
respect to ¢,z ensures that this equality is true for all ¢ € [0,7], # € R? on a full measure set
in .

Step 2. We then prove that as for a.e. x € R,

E sup |V —YI*? — 0, ase— 0. (16)
t<s<T

First noting condition (A;) and the construction of convolution we have
T
. £ t,x,e\ _ t,x\|2
gg%]EA 162 (s, X122 — b(s, X5 2ds
T

<128 [ ((sup 7(s,y) — bls.g) P+ KX - X0 ) ds

e—0 t yGJRd

T

= lim 2K121E/ | X0™ — X0 Pds.

e—0 t

A similar calculation leads to

T T
lim ]E/ lo®(s, X57%) — o (s, X0™)|2ds < lim 2K12E/ | XEe — X712 ds.
t e t

e—0

Hence applying Itd’s formula and B-D-G inequality we have

limE sup |XI™¢ — X2%2ds = 0,

e—0 t<s<T
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and there exists a subsequence of { X%} still denoted by { X%}, which satisfies

lim sup |[X0™F — X072 =0 as.
e—0 t<s<T

In the rest of arguments, we always consider this a.s. continuous subsequence.

In order to get (16), we need to deal with the following convergence:

T
limE/ |CE(S,X:’$’€)Y:’I’E _ C(S,X;’I)}/St’w|2d8
t

e—0

e—0

T
<l 28 [ (| X PVInE = VI e, X7 = el XEPIYI ) ds
t
T
< lim 2K12E/ [YEme — Yhe|2ds
e—0 ‘

T
+E [t ((sup |e7(s,) = el )+ KEXETE - XU ) Ve s
t

e—0 yEJRd
T
= lim 2K12]E/ |Yiee —yhe|2ds. (17)
e—0 ¢
Similarly, we have

T
2ds < lim 2K?E / |Zbme — 7872 ds. (18)
E—r

T
limE [ |y (s, X07) 207 — (s, X1 247
t t

By Sobolev embedding theorem again, it yields that

T
limE/ |F*(s, X)) — F(s, X\")ds
e—0 t

T 1 T 1
gliné2<E/ ||F(s,w)||§vl,pds)2(E/ |X§’I’5—X§’x|2ads>2
E—r t

t

2ds) L (19)

T
< lim C’(]E / | Xtoe — xte
e—0 ¢

Similarly, we also obtain

fe3

lim Bloo* (X§:) = (X57)[ < lim (J(E]X;“ _ XL 2) P 0. (20)
e—

e—0

In view of (17)-(20), a priori estimates of solution of BSDE with sufficiently large K (see [24])
yields that (16) is true.
Step 8. On the other hand, we can further prove

T
E/ 4 () — u(t)]2 ot —s 0.
0
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Indeed, similar to inequality (9), it is not hard to prove
T
E / A u(t)® — u(t)|]2,, dt
0 |
T
< CTE |¢F — p|2, + CE / A F (1) — F(1)]12, dt
0

T
+CE/ / M (u” — ) [(ae’” — 0 ugia + (05 = 0™)gy
0 R4
H(7 = bt + (¢ — Ju+ (v - V)Q} dzdt,

where a*% = 1% g% ¢l = 15" g% and X is a sufficiently large number. By condition (A;)

and constructions of smootherized coefficients, we can deduce for each (¢, z,w),
|D(a5,ij _ aij)| 4 |D(o_5,ik _ O,ik>| 4 ‘ae,ij _ aij| 4 |O_e,ik _ O,ik|
+ 65" = | + | — | + [V —v| < Ce.

Thus, by integration by parts, it turns out that

T
. At € _ 2
ll_I)r(l)]E/(; e ||lus(t) u(t>”0,2 dt

e—0

T
< lim cCTE / / (1D (" — ) | (1D + lal) + u® — | (Dul + Jul + |g]) | ddt
0 Rd
T
<timeCeE [ (e = ull, + ulf, + ol )

T
3 112 2 £ 2 2
< lim cCTE[ |77, + ol , + / (1= + P12 5) dt] =o.
0

Therefore, there exists a subsequence of {u°}, still denoted by {u°}, such that u®(t,z) —
u(t,z) as e — 0 for a.e. t € [0,7], € R? a.s., which implies that Y, = wu(t,z) for a.e.
t € [0,7], x € R? as. in view of (16). Noticing Corollary 2.4, we know that u(t,z) is

continuous with respect to (¢, x), which together with Proposition 3.2 leads to
u(t,z) =Y" forallt €0,T], z € R? as.
In particular,
u(s, X4*) = YSX forall s € [t,T)], v € R as.
By the uniqueness of solution of BSDE (14), (12) follows. O

Utilizing the connection between FBSDE and BSPDE in the linear case, we further study

the same kind of connection in the semi-linear case.

Theorem 3.4. Suppose that the conditions in Theorem 2.2 are satisfied, then we have a same
kind of connection as (12) between the solution u to BSPDE (4) and the solution (X,Y) to
FBSDFE (1, 2).
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Proof. Let u be the solution of BSPDE (4) and F(t,z) = f(t,z,u(t,z)). Obviously, F(t,z) €
L%(0,T; W'P) and we regard BSPDE (4) as a linear equation with generator F. By Theorem

3.3 we know
u(s, Xb*) = Y5 forall s € [t,T], z € R a.s.,

where (Y%, Z%) scip.7q is the solution of BSDE with generator F' as follows:

S

T T
Ve o) + [ B [ Zieaw,

By the definition of £, we know that (Y, Z57) is also the solution of BSDE (2). Since Remark
3.1, the solution of BSDE (2) is unique. Then Theorem 3.4 follows immediately. O
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